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Abstract 



The generalized wreath product of permutation groups is intro- 
duced. By means of it we study the schurity problem for S-rings over 
a cyclic group G and the automorphism groups of them. Criteria for 
the schurity and non-schurity of the generalized wreath product of two 
such S-rings are obtained. As a byproduct of the developed theory we 
prove that G is a Schur group whenever the total number Q(n) of 
prime factors of the integer n = \G\ is at most 3. Moreover, we de- 
scribe the structure of a non-schurian S-ring over G when Q(n) = 4. 
The latter result implies in particular that if n = p 3 q where p and q 
are primes, then G is a Schur group. 

1 Introduction 

One of the central problems in the theory of S-rings over a finite group 
that goes back to H. Wielandt, is to identify schurian S-rings, i.e. those 
arising from suitable permutation groups (as for a background of S-rings see 

*The work was partially supported by Slovenian-Russian bilateral project, grant no. 
BI-RU/10-11-018. 
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BI-RU/10-11-018. 



1 



Section 12. 2p . At present this problem is still open even for S-rings over a 
cyclic group which are called below circulant. In (9], [3] it was proved that 
any circulant S-ring can be constructed from S-rings of rank 2 and normal 
S-rings by means of two operations: tensor product and generalized wreath 
product. It should be noted that the S-rings of rank 2 as well as the normal 
S-rings are schurian, and the tensor product of schurian S-rings is schurian. 
However, the generalized wreath product of schurian S-rings is not always 
schurian: the first examples of non-schurian generalized wreath products 
were constructed in [2j. It follows that there exist non-schurian S-rings over 
a cyclic group of order n where Q(n) = 4. On the other hand, it was proved 
in [TQl IB] that any cyclic group of order n with Q(ri) < 2 is a Schur group, 
i.e. any S-ring over it is schurian. 

The main goal of this paper is to lay the foundation of the complete 
characterization of Schur cyclic groups. As an easy byproduct of the theory 
developed here we obtain the following result (which is just a reformulation 
of Theorem lll.ip . 

Theorem 1.1 Any cyclic group of order n with Q(n) < 3 is a Schur group. 

The problem of the identification of schurian S-rings leads naturally to 
studying the automorphism group Aut(.A) of an S-ring A over a group G. 
By definition Aut(*4.) is the automorphism group of the Cayley scheme cor- 
responding to A] this group always contains the subgroup G rig ht consisting 
of all permutations induced by right multiplications. If the group G is cyclic, 
then the arguments from the above paragraph show that all we have to do 
is to study Aut(^4) when A is a generalized wreath product. The latter is 
equivalent to the existence of two ^4-subgroups U and L of the group G, such 
that L < U and any basic set of A contained in G \ U is a union of cosets 
modulo L. In these terms the group Aut(.A) coincides with the largest group 
T < Sym(G) such that 

Y u < Aut(Au) and T G/L < Aut(A G/L ) 

where Au (resp. Ag/l) is the restriction of A to U (resp. to G/L), and T u 
(resp. T G I L ) is the permutation group induced by the action on U of the 
setwise stabilizer of U in Y (resp. by the action on G/L of the group T). 
This suggests the following construction which is central for our paper. 
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Let V be a finite set and E C Ei equivalence relations on V. Suppose 
we are given two permutations groups Au < Sym(Z7) where U G V/Ei, and 
Ao < Sym(V/ E , such that 

(Au) u/E ° = (A )^ 

where U / Eq is the set of -Eo-classes contained in U. Then all maximal groups 
T < Sym(V^) leaving E and E 1 fixed and such that 

= A v and T v / Eo = Ao, 

are permutationally isomorphic. In fact, any such group is uniquely de- 
termined by choosing a family of bijections identifying the classes of V/E\ 
with U. It is called the generalized wreath product of Au and Ao (with re- 
spect to this family). It is easily seen that our construction coincides with 
the ordinary wreath product when Eq = E\. 

An important special case arises when V = G is a group, the classes of Eq 
and Ei are the left cosets modulo a normal subgroup L of G and modulo 
a subgroup U of G that contains L respectively. Then one can identify 
the classes of V/E 1 with U by means of permutations from G rig ht, and the 
generalized generalized wreath product of A^ and A does not depend on 
choosing bijections of this type. The permutation group on G obtained in 
this way contains G r i g ht, is called the canonical generalized wreath product 
of Au by A over G, and is denoted by Au Iu/l Ao (see Subsection 15.21) . 

In the early 1950's D. K. Faddeev introduced the generalized wreath 
product of two abstract groups (see [7, p.46]). One can prove that the gener- 
alized wreath product of permutation groups defined in the above paragraph 
is isomorphic (as an abstract group) to the group obtained by the Faddeev 
construction. Curiously, the authors independently came to the generalized 
wreath product of S-rings and only after that got aware of the Faddeev work. 
It should be noted that the concept of generalized wreath product of permu- 
tation groups proposed in paper [Tj is different from ours. 

One of the motivations to define the generalized wreath product of permu- 
tation groups is Theorem 1 1 . 2 1 b elow which immediately follows from Corollar- 
ies 15.51 and 15.71 In particular, this gives a necessary and sufficient condition 
for a generalized wreath product of two S-rings to be schurian in terms of 
2-equivalent subgroups of their automorphism groups (for the 2-equivalence 
we use the same notation w as in Wielandt's book [12], see also Notation). 
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Theorem 1.2 Let A be an S-ring over an abelian group G that satisfies the 
U / L- condition. Then Aut(^4) = Ay Iu/l A for some groups Ay and A 
such that 

U right <Au< Aut(^) and (G/L) right < A < Aut(A G/L ). 

Moreover, A is schurian if and only if the latter groups can be chosen so that 
Ajj « knt(Au) and A « Aut(^4 G/L ). 

The proof of Theorem 11.21 is not too complicated modulo the character- 
ization of the automorphisms of the generalized wreath products of S-rings 
given in paper [5]. However, the theory of generalized wreath products of 
circulant S-rings initiated in that paper and developed here (Sections EHS]) , 
especially the part of it concerning singularities and their resolutions, en- 
ables us to reveal a special case of Theorem 11.21 in which the schurity is 
easily checked. This special case formulated in the theorem below is, in fact, 
the key ingredient to prove Theorem 1 1 . 1 1 and the other results of this paper. 

Theorem 1.3 Let A be an S-ring over a cyclic group G that satisfies the 
U I L- condition. Suppose that Au/l is the tensor product of a normal S-ring 
and S-rings of rank 2. Then A is schurian if and only if so are the S-rings Au 
and Ag/l- 

According to Theorem 14.11 of this paper first proved in [3] , any circulant 
S-ring with trivial radical is the tensor product of a normal S-ring and S-rings 
of rank 2. Thus the following statement is a special case of Theorem 11.31 

Corollary 1.4 Let A be an S-ring over a cyclic group G that satisfies the 
U/L- condition. Suppose that Au/l is an S-ring with trivial radical. Then A 
is schurian if and only if so are the S-rings Au and Aq/l- 

With the exception of the Burnside-Schur theorem it is not so much 
known on the structure of a permutation group containing a regular cyclic 
subgroup. In fact, only the primitive case was studied in detail and the main 
results are based on the classification of finite simple groups. On the other 
hand, as a byproduct of the theory developed to prove Theorem 11.31 we can 
get some information on a 2-closed permutation group containing a regular 
cyclic subgroup (such a group is nothing else than the automorphism group 
of a circulant S-ring). Namely, in Section Owe prove the following result. 
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Theorem 1.5 Let T be the automorphism group of an S-ring over a cyclic 
group G. Then 

(1) every non-abelian composition factor ofT is an alternating group, 

(2) the group T is 2-equivalent to a solvable group containing G rig ht if and 
only if every alternating composition factor of T is of prime degree. 

By Theorem 11.11 non-schurian S-rings over a cyclic group of order n exist 
only if Q(n) > 4. In Section [TT] we study the structure of a non-schurian 
S-ring A when Q(n) = 4. Based on Theorem 11.31 we prove that A is the 
generalized wreath product of two circulant S-rings such that either both of 
them are generalized wreath products, or exactly one of them is normal. We 
note that non-schurian circulant S-rings constructed in [2] are of the former 
type. In Section [12] non-schurian circulant S-rings of the latter type are 
presented. Finally, Theorem 111.31 and statement (1) of Theorem 111.41 imply 
the following result. 

Theorem 1.6 Any cyclic group of order p 3 q where p and q are primes, is a 
Schur group.* 

Concerning permutation groups we refer to [11] and [12] . For the reader 
convenience we collect the basic facts on S-rings and Cayley schemes over 
an abelian group in Section |2j The theory of S-rings over a cyclic group 
developed by the authors in [21 [3j 0] is given in Section HI 

Notation. As usual by Z we denote the ring of integers. 

For a positive integer n we denote by Q(n) the total number of prime 
factors of n. 

The set of all equivalence relations on a set V is denoted by £{V). 

For X C V and E e £{V) we set X/E = X/E x where E x = X 2 n E. If 
the classes of Ex are singletons, we identify X/E with X. 

For R C V 2 , X C V and E G £{V) we set 

Rx/e = {(Y, Z) G (X/E) 2 : R Y , Z ^ 0} 

where R Y ,z = Rn{Y x Z). 

The set of all bijections from V onto V is denoted by Bij(V, V). 
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For B C Bij(V, V), X C V and X' C 7', £ G 5(F) and E' G 5(F) we 

set 

flW/s' = : feB,X' = X', Ef = E'}, 

j^X/E _ gX/E,X/E 

where f x ^ E is the bijection from X/E onto X'/E' induced by /. 

The group of all permutations of V is denoted by Sym(V'). 

The set of orbits of a group T < Sym(F) is denoted by Orb(r) = 
Orb(r,F). 

The setwise stabilizer of a set U C V in the group T is denoted by T{uy. 

For an equivalence relation E G £{V) we set Ye = f)xev/E 

We write r ~ V if groups T, V < Sym(F) are 2-equivalent, i.e. have the 

same orbits in the coordinatewise action on V 2 . 

The permutation group defined by the right multiplications of a group G 
on itself is denoted by G r i g ht- 

The holomorph Hol(G) is identified with the permutation group on the 
set G generated by G r i g ht and Aut(G). 

The natural epimorphism from G onto G/H is denoted by ttq/h- 

For sections S = Li/L and T — U\/Uq of G we write S <T, if U < L 
and Lx<U\. 

2 Schemes and S-rings 

2.1 Schemes. As for the background on scheme theory presented here see [5] 
and references there. Let V be a finite set and TZ a partition of V 2 . Denote 
by 1Z* the set of all unions of the elements of 1Z. 

Definition 2.1 A pair C = (V,TZ) is called a coherent configuration or a 
scheme on V if the following conditions are satisfied: 

• the diagonal of V 2 belongs to 1Z* , 

• 1Z is closed with respect to transposition, 
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• given R,S,T<E TZ, the number \{v G V : (u,v) G -R, (i>,iu) G S^l <ioes 
no£ depend on the choice of (u,w) G T. 

The elements of V, TZ — 71(C), TV = 7Z*(C) and the number from the 
third condition, are called the points, the basis relations, the relations and 
the intersection number (associated with R, S, T) of C, respectively. The 
numbers |V| and \TZ\ are called the degree and rank of C. If the diagonal of 
V 2 belongs to TZ, the scheme C is called homogeneous. 

Two schemes are called isomorphic if there exists a bijection between 
their point sets preserving the basis relations. Any such bijection is called an 
isomorphism of these schemes. The group of all isomorphisms of a scheme C 
contains a normal subgroup 

Aut(C) = {/ G Sym(y) : R f = R, R G 71} 

called the automorphism group of C. If V coincides with a group G and 
G 'right < Aut(C), then C is called a Cayley scheme over G. Such a scheme is 
normal if the group G rig ht is normal in Aut(C). 

Given a permutation group T < Sym(V) set Orb2(T) = Orb(T, V 2 ) where 
the latter is the set of orbits in the coordinatewise action of T on V 2 . Then 
the pair 

Inv(r) = (V,Orb 2 (r)) 

is a scheme; we call it the scheme of the group T. Any scheme of this type is 
called schurian. One can see that T < Aut(C) where C = Inv(T). 

Let C be a homogeneous scheme and £{C) = 71* (C) fl £(V). Then given 
a class X of an equivalence relation belonging to £(C) and E G £{C), the 
pair C x /e = (X/E,7Z X / E ) where 7Z x /e = {Rx/e ■ R G 71, R x /e ^ 0}, is a 
scheme on X/E. One can see that 

kut{C) x/E < knt{C x/E ). 

Moreover, if the scheme C is schurian, then the above two groups are 2- 
equivalent. When C is a Cayley scheme over a group G and V/E 1 = G/L for 
a normal subgroup L in G, we set C x /l = C x /e- 

Schemes C and C are called similar if there exists a bijection if : 7?. — > TZ' 
called a similarity from C to C, such that the intersection number associated 
with R, S,T G TZ equals the intersection number associated with Rf , S^, T v . 
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The set of all isomorphisms from C to C inducing a similarity ip is denoted 
by Iso(C,C, <f). Let C be a homogeneous scheme and E £ £(C). Then given 
X, X' &V/E there exists a uniquely determined bijection 

Vx,*' : 7^ -> ^Jf', #x >-» Rx>- (1) 

Moreover, this bijection defines a similarity from Cx to Cx>- 

2.2 Schur rings and Cayley schemes. Let G be a finite group. A sub- 
ring A of the group ring ZG is called a Schur ring (S-ring, for short) over G 
if it has a (uniquely determined) Z-basis consisting of the elements Ylxex x 
where X runs over the classes of a partition S = S (A) of G such that 

{1} £ <S, and X £ S X- 1 £ S. 

Let .A' be an S-ring A' over a group G'. A group isomorphism / : G — > G' is 
called a Cayley isomorphism from A. to A.' if S(A)f = S(A'). 

The elements of S and the number rk(A) = |«S| are called respectively 
the basic sets and the rank of the S-ring A. Any union of basic sets is called 
an A-subset of G or A-set; the set of all of them is denoted by S* (A). It is 
easily seen that this set is closed with respect to taking inverse and product. 
Given X £ S*(A) we set 

S(A)x = {Y e S(A) : Y c X}. 

The Z-submodule of A spanned by this set is denoted by Ax- If A' is an 
S-ring over G such that S* (A) C S*(A'), then we write A < A'. 

Any subgroup of the group G that is an A- set is called an A-subgroup 
of G or A- group; the set of all of them is denoted by Q{A). The S-ring A is 
called dense if every subgroup of G is an A-group, and primitive if the only 
A-subgroups are 1 and G. 

If A\ and Ai are S-rings over groups G\ and G 2 respectively, then the 
subring A = Ai <g> A 2 of the ring Zd <g> ZG 2 = 7LG where G = G x x G 2 , is 
an S-ring over the group G with 

5(A) = {Ax xX 2 :X 1 E <S(Ai), A 2 £ <S(A 2 )}. 

It is called the tensor product of Ai and A 2 . The following statement was 
proved in [B]. 
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Lemma 2.2 Let G\ and G 2 be groups, and A an S-ring over the group 
G = Gi x G 2 . Suppose that G U G 2 G Q{A). Then n^X) G S(A) for all 
X G S(A) where -n-i is the projection of G on Gi, i = 1,2. In particular, 
A > A Gl <g> A G2 ■■ 

Given a group G there is a 1-1 correspondence between the S-rings over G 
and the Cayley schemes over G that preserves the natural partial orders on 
these sets: any basis relation of the scheme C corresponding to an S-ring A 
is of the form 

{(g,xg): g G G, x G X}, X G S(A). 

It can be proved that given a group H < G we have H G Q{A) if and only 
if Eh G £{C) where Eh is the equivalence relation on G with 

G/E H = {Hg: g G G}. 

The group Aut(^4.) := Aut(C) is called the automorphism group of the S- 
ring A. An S-ring is schurian (resp. normal) if so is the corresponding 
Cayley scheme. 

3 Sections in groups and S-rings 

3.1 Sections of a group. Let G be a group. Denote by F{G) the set of 
all its sections, i.e. quotients of subgroups of G. A section Ui/U is called a 
multiple of a section Li/L if 

Lo = Uo H L\ and £/i = f/o-^i- 

Let us define an equivalence relation on the set FiG) as the transitive clo- 
sure of the relation "to be a multiple". The set of all equivalence classes is 
denoted by V(G). Any two elements of the same equivalence class are called 
projectively equivalent. 

Let S = Li/Lq and T = U\/Uq be projectively equivalent G-sections. 
If T is a multiple of S, then obviously the groups S = Li/Uq fl L\ and 
T = UqLi/Uq are isomorphic under the natural isomorphism 

fs, T :S^T, gL ^gU . (2) 
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Generally, the sections S and T remain isomorphic and an isomorphism can 
be defined by a suitable composition of the above isomorphisms and their 
inverses. Any such isomorphism will be called a projective isomorphism from 
S onto T. 

Let T < Sym(G) be a group containing G r i g ht- A section U/L G J~{G) 
is called Y -invariant if Ejj and El are T-invariant equivalence relations. In 
this case we write Y V I L instead of Y u ^ El , and j u / L instead of j u ^ L , 7 G T. 
The following easy lemma is very useful. 

Lemma 3.1 Let G be a group andG r i g ht < T < Sym(G). Then given protec- 
tively equivalent V -invariant G-sections S and T , any projective isomorphism 
f : S —> T induces a permutation isomorphism from V s onto T T . Moreover, 

right) 'Eright 

and {^i s y = 7 T for all 7 G T leaving the point 1q fixed. 

Proof. Without loss of generality we can assume that T — U\/Uq is a multiple 
of S = Li/L and / = fs,r where fs,r is defined in (j2J). Then given a 
permutation 7 G F{Li} and g G L\ the block (gLo) 1 contains the element g 1 . 
It follows that {gLo) 1 = g^Lo, and hence by the definition of / we have 

(( 9 L yy = (g^L o y = g^U Q . 

Thus (r s )^ < T T and S£ ight = T right . Moreover, this also proves the state- 
ment for 7 leaving the point 1^ fixed. Conversely, let 7 G ^{Ux}- Then by 
the above it suffices to find 7' G ^{Ui} such that ( r y') T = 7 T and 7' G 
However, since the equivalence relation El 1 is T-invariant, we have L\ = L\g 
for some g G U\. Taking into account that U\ = L-JJq, we can assume that 
g G Uq. Set 7' = 771 where 71 is a permutation on G taking x to xg~ x . Then 

W = L 1; ( 7 ') T = 7 T 
Since obviously 7' G r^}, we are done.a 

3.2 Sections of an S-ring. Let A be an S-ring over a group G. Denote by 
J~{A) the set of all A-sections, i.e. those G-sections S = U/L for which both 
U and L are ^4-groups. Given such an ^4-section and a set A G S(A) u put 
As = itu/l(X). Then the Z- module 

A s = span{A s : A G 
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is an S-ring over the group S the basic sets of which are exactly the sets 
under the above span. We say that the section S is of rank 2 (resp. normal, 
primitive) if so is the S-ring As- 

Denote by V(A) the set of nonempty sets C fl J- {A) where C G V(G). 
Then V(A) forms a partition of the set ^(A) into classes of projectively 
equivalent ^4-sections. It should be noted that if A' > A, then J 7 (A') D F^A) 
and each class of projectively equivalent ^4-sections is contained in a unique 
class of projectively equivalent ^'-sections. 

Theorem 3.2 Let A be an S-ring over a group G. Then given projectively 
equivalent A-sections S = Li/Lq and T = U\/Uq any projective isomorphism 
f : S —7- T is a Cayley isomorphism from As onto At- Moreover, if T is a 
multiple of S , then 

(X s y = X T , XeS(A) Ll . 

Proof. Without loss of generality we can assume that T is a multiple of S, 
and L = 1, Ui = G. Then the projective isomorphism fs t T from ([2]) coincides 
with the bijection defined by formula (6) in jl] for V = G, E\ = E^, Xi = L\ 
and E2 = Eu . Thus the required statement follows from statement (2) of 
Theorem 2.2 of that paper for C being the Cayley scheme associated with A& 

Obviously, any two sections of a class C G V(G) have the same order; 
we call it the order of C. If, in addition, C G V(A), then from Theorem 13.21 
it follows that all sections in C are of rank 2 (resp. primitive, normal) 
simultaneously. Depending on this we say that the class C is of rank 2 (resp. 
primitive, normal). 

Corollary 3.3 Let A be an S-ring over a group G and C a class of projec- 
tively equivalent A-sections. Suppose that there exists S G C such that 

Aut(^) s < Hol(S). (3) 

Then this inclusion holds for all S G C. 

Proof. Let T G C. Then by Lemma 13.11 for V = Aut(^4) there exists a 
permutation isomorphism of the group Aut(„4) s onto the group Aut(*4) T . 
This isomorphism takes S rig ht to T right , and hence Hol(S') to Hol(T). Thus 
Aut(^) T < Hol(T).- 

1 In fact, Theorem 2.2 was proved for a commutative scheme. However, statement (2) 
of it is true under a weaker assumption that the adjacency matrices of the equivalence 
relations E\ and E2 commute. The latter is true because L\Uq = UqLi. 
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3.3 The S-condition. Let A be an S-ring over a group G and S = U/L 
an ^4-section. Following [3] we say that A satisfies the S-condition, if L is 
normal in G and 

LX = XL = X, X e S(A) G \u- 

If, moreover, I ^ 1 and U ^ G, we say that A satisfies the S-condition 
non-trivially. The following theorem is a specialization of [21 Theorem 3.1]. 

Theorem 3.4 Lei G be an abelian group, S = U/L a section of G and let 
At and A2 be S-rings over U and G/L respectively. Suppose that 

S e T{A X ) n T(A 2 ) and (Ai) s = {A 2 ) s . 

Then there is a uniquely determined S-ring A over the group G that satisfies 
the S-condition and such that Au = A\ and Ag/l = A 2 m 

The S-ring A from Theorem 13.41 is called the generalized wreath product 
of S-rings A\ and A 2 ; we denote it by A% Is A 2 and omit S and the word 
"generalized" when IS*! = 1. Thus an S-ring A over G satisfies the .S-condition 
if and only if A = Au Is Ag/l- We say that A is a non-trivial or proper 
generalized wreath product if it satisfies the ^-condition non-trivially. 

4 S-rings over a cyclic group 

4.1 General theory. Let A be an S-ring over a cyclic group G. One can 
see that given X G G the set 

rad(X) = {geG: gX = Xg = X}. 

is an ^4-subgroup of G whenever X e S*(A). From the well-known Schur 
theorem on multipliers [TTj Theorem 23.9] it follows that the group rad(X) 
does not depend on the choice of X G S(A) such that X contains a generator 
of G. We call this group the radical of A and denote it by rad(^4). 

Theorem 4.1 Let A be a circulant S-ring. Then the following two state- 
ments hold: 

(1) rad(.4.) 7^ 1 if and only if A is a non-trivial generalized wreath product, 
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(2) rad(^4) = 1 if and only if A is the tensor product of a normal S-ring 
with trivial radical and S-rings of rank 2. 

Proof. Follows from [31 Corollaries 5.5,6.4] .■ 

The S-rine A is called cyclotomiE if S{A) = Orb (if, G) for some group 
K < Aut(G); in this case we write A = Cyc(fT, G). 

Theorem 4.2 Let A be a normal S-ring over a cyclic group G. Then the 
following statements hold: 

(1) A is cyclotomic; in particular, A is dense and schurian, 

(2) \r&d(A)\ = 1 or 2, 

(3) ifrad(A) ^ 1, then A = Au Iu/l ^g/l where \G/U\ — \L\ — 2 and Au 
and Aq/l ore normal S-rings with trivial radicals. 

Proof. Follows from [3J Theorems 6. 1,5. 7]. ■ 

Corollary 4.3 Any circulant S-ring with trivial radical is schurian. 

Proof. By statement (2) of Theorem 14. II it suffices to verify that any normal 
circular ring is schurian. However, this is true by statement (1) of Theo- 
rem H721" 

It is well known that 

Aut(G) = JjAut(G p ) (4) 

pev 

where V is the set of primes dividing \G\ and G p is the Sylow p-subgroup 
of G. Given p 6 V the group Aut(G p ) is a cyclic group of order (p— l)\G p \/p 
whenever p is odd. In this case it is easily seen that if X is a orbit of a group 
K < Aut(Gp) containing a generator of G p , then rad(A) ^ 1 if and only if 
p divides \K\. Thus the cyclotomic S-ring Cyc(K,G p ) has trivial radical if 
and only if \K\ is coprime to p. 

Corollary 4.4 Let A be a normal S-ring over a cyclic p-group and S an A- 
section. Suppose that p is odd and \S\ > p 2 . Then the S-ring As is normal. 

2 In [3] such an S-ring was called an orbit one. 
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Proof. Since p > 2, statements (1) and (2) of Theorem 14.21 imply that 
A = Cyc(K, G) where K < Aut(G), and rad(^4) = 1. In particular, p does 
not divide \K\. Therefore As = Cjc(K s , G) and rad(.4.,s) = 1 (because 
l^ 5 l is coprime to p). Since ?k(As) > 2, this implies by statement (2) of 
Theorem 14. II that the S-ring As is normals 

4.2 Singularities. According to jl] we say that a class of projectively equiv- 
alent .4-sections is the smallest (respectively, greatest) one if every element 
of this class is a multiple of it (respectively, if it is a multiple of every element 
of this class). The following result was proved in Lemma 5.2 of that paper. 

Theorem 4.5 Let A be a circulant S-ring. Then any class of projectively 
equivalent A-sections contains the smallest and greatest elements.m 

A class of projectively equivalent v4-sections of rank 2 is called singular 
if its order is more than 2 and it contains two sections 5* = Li/L and 
T = Ui/Uq such that T is a multiple of S and the following two conditions 
are satisfied: 

(51) A = Au lu /Lo Ag/L = A\j x lux/Li ■Ag/Lii 

(52) A Ul/Lo = A Ll/Lo <g) A Uo/Lo . 

Theorem 4.6 Let A be an S-ring over a cyclic group G. Then for any 
primitive class C G V(A) one of the following statements holds: 

(1) C is singular and Aut(A) s = Sym(5') for all S G C, 

(2) C is of prime order and Aut(A) s < Hol(S') for all S G C. 

Proof. First, suppose that the class C contains a subnormal section S; by 
definition this means that S is (in the natural sense) a section of a normal 
^-section. Then Aut(^l) 5 < Hol(S). By Corollary [331 this implies that 
Aut(^l) s ' < Hol(S') for all S' G C. Moreover, by statement (1) of Theo- 
rem 14.21 the S-ring over the above normal ^4-section is dense. Therefore the 
S-ring As is dense. Since it is also primitive by the theorem hypothesis, the 
number \S\ is prime. Thus in this case statement (2) holds. 

To complete the proof suppose that C contains no subnormal sections 
(subnormal flags in the sense of paper [J]). Then by Proposition 5.3 of that 
paper the Cayley scheme C associated with A has singularity of degree > 4 
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in the pair (S, T) where S and T are the smallest and greatest sections of the 
class C. In our terms, this means that C is a singular class and \S\ = \T\ > 4. 
Then from Lemma 4.3] it follows that Aut(C) 5 = Sym(S) for all S e cE 
Thus, since Aut(^4) = Aut(C), in this case statement (1) holds.H 

5 Generalized wreath product 

5.1 Definition. Let E C E\ be equivalence relations on a set V. Suppose 
we are given 

(a) a group A < Sym(V/E ) such that the equivalence relation (Ei) v / Eo 
is A -invariant, 

(b) for each X G VjE\ a group Ax < Sym(X) such that the equivalence 
relation (E )x is Ax-invariant, 

(c) for each X, X' G V/E± a bijection fx,x> '■ X — > X' taking Ax to Ax', 
and X/Eq to X'/E , such that 

(A x ) fx > x ' fx '' x " = Ax», X, X', X" G VI E x . 

The condition in (c) implies that A x fx,x' = fx,x'^x' ='■ Axx'- Then 
Ax = Axx an d fx,x' ^ Axx' f° r au -^j X'. Thus the data from (b) and (c) 
can be restored from the sets Axx'- Moreover, instead of the families {Ax} 
from (b) and {fx,x'} from (c) we could equivalently be given 

(b-c) for each X, X' G V/E\ a nonempty set Axx' c Bij (X, X 1 ) taking 
(E )x to (E Q )x>, such that 

Ax,x'Ax',x" = Axx"; X,X ,X G V/E\. 

Indeed, set Ax = Ax,x- Then from the above equality it follows that 
Ax Ax = Ax, whence by the fmiteness of V we conclude that Ax is a 
group. Moreover, by the same equality we have A x f = Ax,x' — f^x' for 
any / G A x ,x'- 

Set 

r = {7 G Aut(E , Ex) : 7 y/£o G A and 7 X G Axx-, X G V/E x } (5) 
3 This result is a special case of statement (1) of Theorem 16.81 here. 
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where Aut(E , Ei) is the subgroup of Sym(V) leaving the relations E and E 1 
fixed. It is easily seen that T is a group; when Eq — Ei, it is permutationally 
isomorphic to the wreath product Ax I Ao in imprimitive action for any 
X G VjE\. It is also clear that 

T Eo = l[ A x ,e - (6) 
xev/E! 

where A x , Eo = (A x ) (Eo)x . 

Lemma 5.1 The equivalence relations Eq and E\ are T -invariant. More- 
over, if 

(A x ,x>) X,Eo > X ' /Eo = {A Q ) X ' E «' X '/ E \ X, X' G V/E u (7) 

then T y l E ° = A , and Y x,x ' = Ax >X ' f or all X,X'. In particular, the group 
pV/Ei ^ transitive. 

Proof. The first statement as well as the inclusions r^^ < Ao and T x ' x ' C 
Ax,x' follow from the definition of the group T. To prove the converse 
inclusions let X G V/E\. We claim: given 5q G A and 5x G A X() ,x' with 
Xq the class of E l for which X'/E = (X/E ) 5 °, such that 

(6 Xo ) Xo/Eo = (5o) Xo/El \ (8) 

there exists a permutation S G T such that 5 X ° = Sx and S v / E ° = S Q . Then 
YV/Eo > ^ Q b ecause by (jJJ) f or ari y § Q ^ /\ Q there exists 5x G A Xq ,x' q 

satisfying OH]), whereas T X ' X ' D A Xi x' follows from the claim for X = X 
because due to ([7]) for any 5x G Ax,x> there exists 5o G A satisfying (|8]). 

To prove the claim we observe that by ([7]) for each X G V/E\ other than 
Xq there exists 5x G Ax,x' such that 

(Sx) X/Eo = (So) X/Eo (9) 

where X' is the class of E\ such that X'/Eq = (X/Eq) So . Denote by S the 
permutation of V such that 5 X = 5x for all X G V/E\. Then due to (JHJ) 
and © we have also 8 V / Ea = 5 . Thus 5 G I\. 

Definition 5.2 When |?|) satisfied, the group T defined by (TJ]] zs called 
the generalized wreath product of the family {Ax,x'} by the group A ; it will 
be denoted by {A x ,x'} I A . 
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From the arguments in the beginning of the section it follows that the 
family {Ax,x r } is uniquely determined by the group Ax for a fixed X e V/E\ 
and the family of bijections fx,x> '■ X — » X', X' G V / E\. Therefore we also 
can say that the group V is the generalized wreath product of the groups Ax 
and A with respect to the above family of bijections. 

5.2 Canonical generalized wreath product. An important special case 
arises when V = G is a group, the classes of E and Ei are the left cosets 
modulo a normal subgroup L of G and modulo a subgroup U of G that con- 
tains L respectively. Suppose that we are also given groups A < Sym(G/L) 
and A;y < Sym({7) such that 

{G/L) nght < A , U right <Au, (Au) s = (A ) s (10) 

where S = U/L. Given X, X' E V/E 1 set 

Ax,x' = (G r ight) x ' u Au (G r i g ht) u ' x ■ (11) 

Then Ax,x> D (G r i g ht) X,X ' and all conditions in (a) and (b-c) are satisfied: 
the equivalence relation (Ei)v/e is A - invariant, Ax,x r takes (E )x to (E )x> 
and the equality from (b-c) holds. Moreover, from ( ITU]) it follows that 

(A x ,x>) X/Eo ' X ' /E ° = 

{G r ight) x/Eo,u/Eo (Auf/ L (G ri9ht y/ E °> x '/ E ° = 
((G/L) right ) x/ElhU/Eo (A ) u / L ((G/L) right ) u / E °> x '/ E ° = 
(A ) x/Eo ' x ' /E °. 

Therefore condition ([7]) of Lemma 15.11 is satisfied and we can form the gen- 
eralized wreath product T = {Ax,x r } I A . 

Definition 5.3 The group T is called the canonical generalized wreath prod- 
uct of the group A v by the group A (over G); it is denoted by A v Is A . 

It is easily seen that any canonical generalized wreath product over G 
contains G r i g ht- 
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5.3 Automorphism groups. Let C = (V, 1Z) be a homogeneous scheme 
and E ,Ei G £{C) such that E C Suppose that = X x F for all 

ReTZ contained in V 2 \Ei and all X, Y G V/E with R X y ^ 0- Then we say 
that the scheme C satisfies the Ei/ Eq- condition (this definition is obviously 
equivalent to the definition given in [1]). 

Theorem 5.4 Let C be a homogeneous scheme on V and f G Sym(V). 
Suppose that the C satisfies the E\j E - condition. Then f G Aut(C) if and 
only if 

f v ' Eo G Aut(C v /E ) and f x G Iso(C x , C X ', <Px,x>), X e V/E u 
where X' = X* and tpx,x> is defined in ([T]). 

Proof. The family {f x } together with the permutation f y / E ° form an ad- 
missible Ei/ EQ-pair which is compatible with C in the sense of [I]. Thus the 
required statement is a consequence of Theorem 2.5 of that papers 

Corollary 5.5 Let C be a homogeneous scheme on V satisfying the Ei/E - 
condition. Suppose that the group V = Aut(C) is transitive on V/E\ (this is 
always true when C is a Cayley scheme). Then V = {T x ' x '} I T y / E ° . 

Proof. Set A = T v / E ° and A x ,x> = T x ' x ' for all X,X' G V/Ei. Then 
obviously the condition from (a) as well as the condition ((7j) from Lemma I5TT1 
are satisfied. Moreover, from the transitivity of T on V/E\ it follows that 
the condition from (b-c) is also satisfied. Thus we can form the generalized 
wreath product V = {A x ,x'} I A . Clearly, T' > T. The converse inclusion 
follows from Theorem 15.41 b 

Let us consider an example of the situation from Corollary 15.51 Let 
C = (V,1Z) be a homogeneous scheme satisfying the i?i/i?o-condition. Set 

A = Aut(C v/Eo ), &x,x> =lao(Cx,C x >,<Px*'), X,X' eV/E v 

In general, we cannot form the generalized wreath product {Ax,x>} I A 
because the condition from (b-c) or equality (J7|) is not necessarily true. Now 
suppose that the scheme Cv/e and all schemes C x with X G V/Ei are 
regular (i.e. schemes of regular permutation groups). Then both of these 
conditions follow from the fact that any similarity from regular scheme to 
another scheme is induced by an isomorphism. Thus in this case the above 
generalized wreath product can be constructed. But then 

Aut(C) = {A x , x ,}\ A 

by Theorem I5.4I 
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5.4 Schurity and non-schurity of S-rings. In the rest of the section we 
are going to get a necessary and sufficient condition for an S-ring over an 
abelian group that is a generalized wreath product, to be schurian. This 
condition as well as a criterion for non-schurity will be deduced from the 
following result. 

Theorem 5.6 Let C be a homogeneous scheme on V satisfying the Ei/E - 
condition, and F = {Ax,x>}l Aq a generalized wreath product such that Aq < 
Aut(Cv/E ) and Ax,x' C lso(Cx,Cx',<fx,x') f or all X,X' G V/E\. Suppose 
that 

Oxh{A x ,E ) = X/Eq, X E V/E 1 . (12) 

Then C = Inv(T) if and only if Cv/e = I n v(A ) and Cx = Inv(Ax) for all 
X e V/E x . 

Proof. The necessity follows from Lemma loTTl because lmr(T) v l E ° = lnv(T v ^ E °) 
and Inv(r) x = Inv(r x ) for all X G VjE\. To prove the sufficiency we check 
that each relation R G TZ{C) is an orbit of the group T. We note that since 
T y / E ° = A (Lemma l5.ip and Cv/e q = inv (Ao), the group T y / E ° acts transi- 
tively on Ry/Eo- O n the other hand, since A x ,x' C lso(Cx, Cx>, fx,x') an d 
the scheme C satisfies the E 1 /E -coiaditioia, the group T acts on the non- 
empty sets Rx,X'i X,X' e V/E\. Thus Y acts on R. To prove that this 
action is transitive, first suppose that Rc E\. Then R is a disjoint union of 
Rx, X G VjE\. Since the group T y l El is transitive (Lemma 15. ip . it suffices 
to verify that the group Y x acts transitively on each R x . However, this is 
true because T x = A x (Lemma 15.11) and Cx = Inv(Ax). 

Now let RcV 2 \E 1 . Then given Y, Y' G V/E we have either R Y , Y > = 
or Ry,y> = Y x Y'. So it suffices to verify that in the latter case the group 
rY,y = PI r^y/} acts transitively on Ry,y'- However, by (E]) we have 

Ax,£ x Ax',b x {idy\(xux')} < T Eo < T y ,y' 

where X and X' are the classes of the equivalence relation E% containing Y 
and Y' respectively. Thus the required statement follows from fl 1 2 [) . ■ 

Corollary 5.7 Let A be an S-ring over an abelian group G. Suppose that 
A = AjjIsAg/l for some A- section S = U/L. Then A is schurian if and only 
if so are the S-rings Ag/l and Au and there exist groups A < Sym(G/L) 
and Au < Sym(C/) satisfying (|T0|) and such that 

A w Ant(Aa/L) and Au w Aut(Au). (13) 
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Moreover, in this case Aut(^4) ~ Au l s A . 

Proof. It is easily seen that the S-ring A satisfies the U / L-condition if and 
only if the Cayley scheme C associated with A satisfies the E\/Eq- condition 
where E = El and E\ = Ejj. Thus the necessity follows from Corollary 15.51 
with A = Aut(^) G / L and = Aut{A) u . 

To prove the sufficiency suppose we are given groups A < Sym(G/L) 
and A;/ < Sym(£7) satisfying ({TO]) and (|T3|) . Set Y = Au Is A (as in 
the Subsection 15 .2 j) and verify that the hypothesis of Theorem 15.61 is sat- 
isfied. Indeed, the inclusion A < Aut(CcyL) is clear whereas the inclusion 
Ax,x' C Iso(Cx, Cx>, <Px,X') where X, X' G V/Ei, is true due to ( ITTj) be- 
cause (G rig ht) Y,¥ C lso(Cy, Cy>, fY,Y') f° r all Y,Y' G V j E\. Moreover, from 
the definition of A x> x' it follows that A x = (A^)^ where / G (G rig ht) u ' x ■ 
Therefore by the second inclusion of ffTOj) this implies that 

Orb(A x , £o ) = OTb((A u>Eo y) = Oib(A UtEo y = (U/L)f = X/E . 

So condition f lT2|) of Theorem 15.61 is also satisfied. Thus by this theorem we 
conclude that C = Inv(T) whence it follows that the S-ring A is schurian.* 

The following statement gives a criterion for the non-schurity of an S-ring 
over an abelian group. 

Corollary 5.8 Let A be an S-ring over an abelian group G. Suppose that 
A = Au Is -Ag/l f or some A-section S = U/L. Then the S-ring A is non- 
schurian whenever 

Aut(Au) s n Aut(^l G/L ) 5 ^ Aut(.As). (14) 

Proof. Suppose on the contrary that the S-ring A is schurian. Then by 
Corollary 15.71 the S-rings Ag/l and Au are schurian and there exist groups 
A < Sym(G/L) and Au < Sym(C7) satisfying conditions ({TO]) and (|T3|) . 
Therefore (A ) 5 < Aut(^ 5 ), (At/) 5 < Aut(^ 5 ) and 

(A ) s ^ Aut(A G/L ) S ~ Ant(As). 

Thus the intersection in the left-hand side of ffl~4|) contains the subgroup 
{Au) s = {A ) s which is 2-equivalent to the group Aut(.As')- Contradictions 
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6 Isolated classes of projective equivalence 



6.1 Isolated pairs. Let A be an S-ring over an abelian group G and let 
S = Li/Lq and T = U\/Uq be ^.-sections of order at least 2. 

Definition 6.1 We say that S and T form an isolated pair in A if T is a 
multiple of S and conditions (SI) and (S2) are satisfied. 

It immediately follows from the definition that Uq, U\\Uq and G\U\ are 
.4-subsets of G. Moreover, the set S = S(A) is uniquely determined by the 
sets S Uo = S(A Uo ), S Ll/Lo = S(A Li /l ) and S G/Ll = S(A G/Ll ) as follows: 

S = S Uo U {^{S^/l^l^Suc U (7rf 1 (5 G/Ll )) G \ l/l , (15) 

where 7r = ttli/Lq and 7Ti = ttq/L! are the natural epimorphisms. More- 
over, the three sets on the right-hand side are pairwise disjoint and equal to 
S(A) Uo , SiAJmxua and 5(^4) G \ l/l respectively 

Obviously, the v4-sections forming an isolated pair are projectively equiva- 
lent. The projective equivalence class containing them will be called isolated; 
we also say that it contains the pair. 

Lemma 6.2 Let A be a circulant S-ring. Then any isolated class C G V(A) 
contains exactly one isolated pair. This pair consists of the smallest and the 
largest elements of C . 

Proof. By Theorem 14.51 there exist the smallest and greatest sections Li/Lq 
and Ui/Uq in the class C. Clearly vr(Li) and vr(f/ ) are ^((/^-subgroups 
where n = ttui/l - Moreover, since Ui/Uq is a multiple of Li/Lq we also have 

7r(tfi) = tt(£i) x k{Uq). (16) 

Let L^/L'q and U[/U'q be sections in C forming an isolated pair in A. Then 
it suffices to verify that U[ = U\ and L' Q = L (then obviously U'q = U and 
L[ = Li). To do this we observe that by the definition of the smallest and 
largest sections we have 

Li < L[ <U[<U X and L < L' Q < % < U Q . (17) 
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Suppose first that U[ ^ U\. Then there exists X G S(A)u 1 \u>. From the 
second equality of (SI) with U\ = U[ and L\ = L[ it follows that L[X = X, 
and hence due to left-hand side of ffTTj) also L\X = X. This implies that 

7r(L 1 )n(X)=n(X). (18) 

On the other hand, due to ([TBI) Lemma implies that pr 7r ( Li ^(7r(X)) is a 
basic set of the S-ring A^^y However, by ([TBI this set coincides with 7r(Li), 
which is impossible because vr(Li) = L\/Lq ^ {1}. Thus U[ = U\. 

To complete the proof suppose that Lq ^ L' . Then there exists a set 
X' G S(A) L > o \ Lo . By flUD we have X' C U and hence ir(X') C n(U ). 
Due to ffTol) and the inequality L\ ^ L , the full 7r-preimage of it(X') does 
not coincide with X'. Therefore one can find (in this preimage) a basic set 
X G S(A)u 1 \u suc h ^at pr 7r( - l/o - ) (7r(X)) = n(X'). On the other hand, from 
the first equality of (SI) with Uq = U' Q and L = L' Q it follows that L' X = X. 
This implies that vt(Lq) = pr 7r( - (7o > ) (7r(X)) = ir(X') is a basic set of the S-ring 
AjtQJo)- However, this is impossible because vr(X') ^ {1}. Thus L' = L .u 

Below for an S-ring A over a cyclic group the smallest and the largest el- 
ements of a class C G V{A) the existence of which follows from Theorem 14. 5[ 
are denoted by S min (C) = L 1 (C , )/L (C) and S max (C) = U X {C]/U Q {C) re- 
spectively 

Corollary 6.3 Let C G V{A) be a primitive isolated class of an S-ring A 
over a cyclic group. Suppose that an A-section S = U/L has no subsection 
from C . Then either L > L\ or U < Uq where L\ = L\{0) and Uq = Uq(C). 

Proof. By Lemma [6T21 the sections S min = L±/Lq and S max = U\/Uq where 
Lq = L (C) and U\ = Ui(C), form an isolated pair in A. Suppose that the 
section S is such that L ^ L\ and U ^ Uq. Then 

U>Lx and L < U . (19) 

Indeed, since the S-ring A satisfies the JJ\ jL\ -condition, it follows that either 
U > L i, or U <U\. In the latter case the left-hand side of f|T9|) follows from 
the assumption U % U , the primitivity of C and the equality L\ D U — Lq. 
The second inclusion is proved in a similar way. Now from the left-hand side 
of (USD it follows that 

S = U/L >Un U X /LL > LLx/LLq. 
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Besides, the latter section is projectively equivalent to S min because by the 
right-hand side of ffl~9]) we have L\ fl LL = L Q , and L\ LL = LL\. Thus S 
has a subsection from C. Contradictions 

6.2 Extension construction. Let A be an S-ring over a cyclic group G 
and C G "P(«4.) an isolated class. Then by Lemma [6.21 A satisfies the C/j/ L r 
condition where t/j = Ui(C) and Lj = L^C), i = 0,1, and -4.c/i/l = Ali/l ® 
•Auo/Lq- Suppose we are given an S-ring B over the group S = L\/Lq, such 
that B > As- Then by Theorem 13.41 there are uniquely determined S-rings 

Ai = Auo ho/Lo (B ® A Uo/Lo ) and A 2 = (B ® A Uo/Lo ) l Ul/Ll A G/Ll (20) 

over the groups Ui and G/L respectively. Obviously, the restrictions of these 
S-rings to Ui/L coincide with B <g> Au /l - Therefore by Theorem 13.41 there 
is a uniquely determined S-ring 

Ext c (A,B) = A 1 l Ul/Lo A 2 (21) 

over the group G. The following statement is straightforward. 

Lemma 6.4 In the above notation set A' = Extc(A, B) . Then 

(1) A' > A; moreover, A = A' if and only if B = As, 

(2) A' satisfies the Uq/Lq- and U\j ' L\- conditions, 

(3) A Uq = A Uo , A G \ Ll = A G \ Ll and A ni / Lo = B <g> A Uo / Lq .m 

From statements (2) and (3) of Lemma [B~4l it follows that the ^.'-sections 
S m in{C) and S max {C) form an isolated pair in the S-ring A'. Therefore by 
Lemma [6.21 we obtain the following statement. 

Theorem 6.5 Let C G V(A) be an isolated class of a circulant S-ring A 
and A 1 = Extc{A, B) for some B as above. Then the class C' G V(A') 
containing S = S m i n (C) and T = S max {C), is isolated and S m i n (C') = S, 

S m ax(C') = T M 

The following statement gives a necessary and sufficient condition for the 
schurity of extension ( )2T|) . 
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Theorem 6.6 Let C G V(A) be an isolated class of a schurian circulant 
S-ring A. Then the S-ring A' = Extc{A, B) is schurian if and only if the 
S-ring B is schurian. 

Proof. The necessity is obvious. To prove the sufficiency suppose that the S- 
ring B is schurian. Then by the schurity of A the S-rings B®Au /l and Au 
are also schurian. Therefore by Corollary 15.71 applied to the S-ring Ai defined 
in (EQD and the groups U = U , A = Aut(B) x Aut(A) Uo/L °, A v = Aut(A) Uo , 
this S-ring is schurian and 

Aut{Ax) Ul/L ° = Aut(fi) x Aut(A) Uo/L °. (22) 

Similarly, the S-ring A2 defined in ( 120]) is schurian and 

Aut{A 2 ) Ul/Lo = Aut(S) x Aut(A) Uo/L °. (23) 

The S-ring A' is the generalized wreath product of two schurian S-rings A\ 
and A 2 (see (|2T])). Thus by ($22$ and (J23D Corollary EH with A = Aut(*4 2 ) 
and Au = Aut(^4.i) implies that A' is schurian.H 

6.3 Automorphisms. Let S = L\/Lq and T = U\/Uo be sections of the 
group G such that T is a multiple of S. For a transitive group M < Sym(S') 
and cosets X,X' e T set 

A = M x {id^/ij and A x>x , = {{{U 1 ) right ) ELi ) x ' x> . (24) 

Then obviously the equivalence relation {Ei) Ui / Eq where E\ = E Uo and E Q = 
E Lo , is A -invariant. Moreover, all conditions in (a) and (b-c) on page [TBI are 
satisfied for V = U\. Finally, given X, X' e U1/E1 there exist a, a' e L\ such 
that X = alio and X' = a'Uo (we note that a and a' are uniquely determined 
modulo Lq). Then from the transitivity of M and the definition of Ao it 
follows that 

(A^) X/MV£0 = {Ja,a>} = (A )*/ E °<*'/*o 

where j aja > is the bijection from X/E onto X'/E taking axL Q to a'xL , 
x G Uq. Thus condition ([7]) of Lemma 15.11 is also satisfied and one can 
consider the generalized wreath product {Ax,x>} I A . 

Definition 6.7 Denote by Gwr(S,T, M) the subgroup A of the pointwise 
stabilizer of the set G\U\ in the group Sym(G) such that 

A u ^ = {A XtX ,}lA . (25) 
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It is easily seen that given a group H < G such that (L\ fl L H)/L is a 
block of M we have 

Gwr(S, T,M)" (G) = Gwr(7r(5),7r(T),M" (5) ) 

where 7r = hq/h- 

When A is a circulant S-ring, C G P(*4) and 5* = S m i n (C), T = S max (C), 
we set Gwr v 4(C, M) = Gwr(S,T, M). The first statement of the following 
theorem generalizes [H Lemma 4.3]. 

Theorem 6.8 Let A be an S-ring over a cyclic group G, C G V(A) an 
isolated class, and A = Gwr_4(C, M) where M = Aut(.As') with S = S min (C). 
Then 

(1) A < Aut(A) , 

(2) A 5 ' < (S') r ight whenever C is primitive and a section S' G ^(-4.) \ C is 
either primitive, or of order coprime to \S\, 

(3) A 5 ' = Aut(^ 5 ') for all S' eC. 

Proof. Let / G A. Then f G/Ul = idc/Uj and f x = id x for all cosets 
X G G/Ui other than U\ (we keep the notations as in Subsection 16. ip . 
Since A satisfies the f/i/Li-condition, by Theorem 15.41 with C being the 
Cayley scheme associated with A, it suffices to verify that g := f Ul is an 
automorphism of the S-ring Au 1 ■ However, from the definition of the group A 
it follows that 

9 X e ((U.UgM)^' C lso(Cx,C x >,ipxjc>) 

for all X G UJUq where X' = X<>, and 

g u ^ Lo G A = M x id %/Lo < Aut(C C7l/Lo ) 

because A^/Lq = ■AlxILq ®-Ajj /l - Since the S-ring Ay^ satisfies the U /L - 
condition, we obtain by Theorem 15.41 that g G Aut(^4[/ 1 ). 

To prove statement (2) let S' = U'/L' is either a primitive section not 
in C, or a section of order coprime to \S\. Then obviously S" has no subsection 
from C. So by Corollary 16.31 with S = S' we have either L' > L\ or U' < Uq- 
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To complete the proof it suffices to note that in the former case A 5 ' = ids' 
whereas in the latter case A 5 ' = (S') right- 
To prove statement (3) let S' G C. Denote by A' the subgroup of Sym([/i) 
generated by A Ul and {Ui) rig ht- By statement (1) we have 

A' < Kut{A) u \ (26) 

So (A') 5 ' < Aut(vA) 5 '. Moreover, by Lemma 13.11 the groups (A') 5 ' and 
(A') 5 are isomorphic. On the other hand, since {U\) r i g ht normalizes A Ul and 
A s > S Hgh t, we have (A') 5 = A s = Aut(A s ). Thus (A') 5 ' = Aut(*4<?') by 
Theorem 13 . 21 m 

7 Extension with respect to a singular class 

Any singular class defined in Subsection 14.21 is obviously isolated. The fol- 
lowing result shows how the set P sg i(A) of all singular classes in the S-ring A 
varies when passing to a special case of extension (12~T]) . 

Theorem 7.1 Let A be an S-ring over a cyclic group G, C G V sg i(A) a 
singular class of prime order and A' = Extc(A, TjS) where S = S m i n (C). 
Then 

(1) Q(A) = g(A'); in particular, F{A) = 7{A') and V(A) = V(A'), 

(2) V sgl {A')=V sgl (A)\{C}. 

Proof. We keep the notations as in Subsection 16.11 To prove statement (1) 
it suffices to verify that any ^.'-subgroup H belongs to Q{A). However, if 
H (jL U\, then H is generated by an element in G\U\. Denote by X the basic 
set of A' H containing this element. Then H = (X). On the other hand, X G 
S(A) by statements (2) and (3) of LemmaEl Thus H G Q{A). Let H C U x . 
By statement (3) of the same lemma we have Q(Au ) = G(A' Uo ). So we can 
assume that H <f_ U$. Then H contains a set from S(A')u 1 \u - Since by 
statement (2) of the same lemma the S-ring A' satisfies the f/o/-^o- con dition, 
the group generated by this set, and hence the group H, contains L . Taking 
into account that H <f_ U and the fact that the group ir(Ui) with n = tt g / Lo 
is the direct product of the group L\j ' Lq of prime order and the group 7i(Uo), 
we conclude that H = L\H' where H' is the full 7r-preimage of the group 
n(H) fl tt(Uq). Since L\ and H' are ^.-subgroups, we are done. 
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To prove statement (2) we observe that since the order of C is at least 3, 
then ik{A' s ) > 2. Therefore the class C is not singular in A'. For the rest of 
the proof we need the following auxiliary lemma. Below we set p — \S\. 

Lemma 7.2 Let X E S(A) and X' e S(A') be such that X' C X. Then 
rad(X) = rad(X'). Moreover, if X C U x \ U , then 

X = [J (X'Y and \X\ = (p- 1)\X'\ (27) 

o-eTp 

where T v is the subgroup of Aut(G) of order p — 1 that acts trivially on each 
Sylow q-subgroup of G, q ^ p. 

Proof. If X C Uq or X C G \ Ux, then the required statement immediately 
follows from statement (3) of Lemma [6 .41 Suppose that X C U\ \ Uq. Then 
by (TH)]) there exists Y G S(A) u and x' G Lx \ L such that 

X = (L 1 \ Lq)Y, X' = (x'L )Y. (28) 

Since Y CU and U fl L x = L , we have 

rad(X) = rad(L! \ L ) rad(F) = L rad(F). 

On the other hand, obviously rad(X') = L rad(F). Thus, rad(X) = rad(X'). 
Since tt(Ux) = tt(-^i) x 7r(^o) where it = ttg/l , the group T p leaves the set 
L Y fixed. Therefore ([27} follows from (T28T) -■ 

Let us prove that any class C ^ C belonging to the set V(A) = V(A') is 
singular in A and A' simultaneously. Set 

Li = Li(C) and U i = Ui{C), i = 0, 1 

(see Subsection 16. ip . Then by Theorem 16.21 it suffices to verify that condi- 
tions (SI) and (S2) for Lj = Lj and U{ = Ui are satisfied for A and A' simulta- 
neously, and that rk(^4^J = 2 if and only if rk(A' Hl ) = 2 where Hi = Lx/Lq 
and i?2 = Uq/Lq. However, from the first statement of Lemma 17.21 it fol- 
lows that the S- rings A and A' satisfy the £7o/LV<x>ndition (or the U\jL\- 
condition) simultaneously. Thus it suffices to verify that 

A H = A Hl ® Ah 2 , rk(A Hl ) =2 & A' H = A' Hl <g> A' H2 , rk(A' Hl ) = 2 
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where H = JJ\j L . To do this we note that H = Hi x H 2 and if, is a A H - 
and ^4' H -subgroups. By Lemma I2~2l this implies that given X G S(A) (resp. 
X' G S(A')) the set Xi = pT H .7r(X) (resp. X[ = pr H . tt(X')) is an .4-group 
(resp. A'-gronp) for 2 = 0,1, where n = k^k. Thus the required statement 
is a consequence of the following lemma. 

Lemma 7.3 Suppose that rk(^4^) = 2. Then given X G S(A) and X' G 
S(A') such that X' C X C U x , we have 

I = IixI 2 & X' = X[ x X' 2 (29) 

where X = tt{X) and X' = Tr(X'). Moreover, in any case X l = X[. 

Proof. Without loss of generality we can assume that X ^ X' . Then obvi- 
ously X ^ X' . Therefore X C U\ \ Uq by statement (3) of Lemma [6.41 Due 
to ([2ED this implies that L x C (X) C^. We claim that 

n(Li) C H 2 . (30) 

Suppose on the contrary that this is not true. Denote by Mj (resp. N) 
the i^i-projection (resp. the if 2 -P r ojection) of the group 7r(Lj), i = 0, 1. 
Then 7r(Lj) = Mj x JVj. Moreover, taking into account that it {Li) is an 
.A-group, we conclude by Lemma 12.21 that Mj and N{ are A-groups. Since 
also rk(^4^i) = 2, the group Mj is either 1 or Hi, and either Mi = M 
or iVi = No. In addition, our supposition implies that Mi = Hi. Next, 
the S-ring A satisfies the L^/io-condition and rk(^4 il / io ) = 2. Therefore 
Li \ L G «S(«4), and hence the set Z = n{Li \ L ) is a basic one. Besides, 

Z = \l(Li), ^ if?F(L 1 )=7r(Zo) 1 
1 7r(Li) \ 7r(Lo), otherwise. 

(Indeed, in the first case this is true because the group tt{Li) is the union 
of the sets n{xL ) = tt{x)tc{L ), x G Li; in the second case the basic set Z 
obviously contains the .A- set tt{Li)\tt{L ) and hence coincides with it.) Now, 
the equality Z = tt{Li) is impossible because otherwise the set Hi = pr H (Z) 
is a basic one which is possible only if H x — 1. Thus by (!3T!) we have 



7T 



(£i)\*r(£o) 
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and so either pr H (Z) = H% or pr H (Z) = Aq. As before the former case 
is impossible because Z is a basic set, and the latter case is possible only if 
Aq = 1. Thus 

7r(L ) = 1 and 7r(Li) = H\. 

It follows that L\ = L\Lq and Lo > Lq. Therefore Lq < L\ fl Lq < L\. Since 
rk( v 4i 1 /L ) = 2 is prime, this implies that L = L\ fl L . Thus the section 
Li/Lq $ C is a multiple of the section L\/Lq G C. Contradiction. Thus 
claim f pOj) is proved. 

Let us complete the proof of ([29]) . First, since X <Z U\\Uq (see above), 
from Q2B5 it follows that X = tt(Li \ L )F and X' = 7f(x'L )F where Y = 
7r(F). Due to (13T?|) this implies that 

X x = X( = Fx (32) 

where Y"i = pr^ F. Next, taking into account that the radicals of the sets X 
and X' contains the group tt(L ), without loss of generality we can assume 
that this group is trivial. Therefore by Lemma [7.21 we have 

X 2 = |J n(x'y%, X' 2 = k{x')Y 2 . (33) 
o-eTp 

If 7r(Li) = 1, then X 2 = Xg = Y 2 and the required statement immediately 
follows from f )32p . Suppose that the group tt(Li) is nontrivial. Then it is an 
^4-group of order p and the set 7r(Li) \ {1} is an orbit of the group T p that 
contains the element tt(x'). Moreover, by condition (S2) we have 7r(L 1 )(y) = 
7r(Li) x (Y). Therefore the union in ( 13 3 p is a disjoint one. Thus to complete 
the proof of equivalence fl29|) it suffices to see that due to equalities ( 152"]) 
and (133]) both X = X\ x X 2 and X' = X{ x X2 are equivalent to the equality 

Y = % x y 2 .. 



8 Resolving singularities 

Let A be a circulant S-ring, C G "P sg ;(^4) a singular class and S = S m i n (C). 
Set 

^ /^y\ I Gwr_4(C, Sym(S')), if C is of composite order, 
Gwr_4(C) = < (34) 
I Gwryi(C, Hol(5)), otherwise 
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(see Subsection 16.31) . Statement (1) of Theorem 18.11 below implies that this 
group is contained in Aut(^4). 

Theorem 8.1 Let A be a schurian S-ring over a cyclic group G. Then the 
group Aut(*4) contains a 2- equivalent subgroup T > G r i g ht such that for any 
C G V sg i(A) the following statements hold: 

(1) Gwr^(C) < r, 

(2) for any S E C we have V s = Hol(S) if \S\ is prime, and V s = Sym(S) 
otherwise. 

Proof. Induction on the number m = m(A) of singular classes of prime 
order. If m = 0, then we are done with T = Aut(^4). Indeed, statement (1) 
immediately follows from statement (1) of Theorem 16.81 because in this case 
rk(As) = 2 and hence Aut(*4s) = Sym(S') where S = S m i n {C). But then 
statement (2) is a consequence of statement (1) of Theorem 14.61 

Suppose m > and C is a singular class of A of prime order. Set 

A 1 = Ext c (A, IS) (35) 

where S = S m i n (C). Then m(A r ) = m(A) — 1 by statement (2) of Theo- 
rem 17.11 So by the induction hypothesis applied to the S-ring A' the group 
Aut(^4') is 2-equivalent to a group T' > G rig ht such that for any C' G V sg i(A') 
statements (1) and (2) hold with A and C replaced by A' and C' respectively. 
Set 

r = (r',A) (36) 

where A = Gwr^(C) is the group defined in (JMj) . Obviously G r i g ht < T. 
To complete the proof it suffices to verify that Aut(*4.) is 2-equivalent to T 
and statements (1) and (2) hold. Below we set Lj = Lj(C) and C/j = Ui(C), 
z = 0,l. 

To prove that Aut(«4) is 2-equivalent to V it suffices to verify that the 
group T u with u = Iq, acts transitively on each set X G S(A). However, 
the S-ring A' is schurian by Theorem 16.61 Therefore by statement (3) of 
Lemma [6.41 the transitivity holds when X C Uq or X C G \ JJ\ because in 
this case X G S(A') and hence X G Orb(r„). Suppose that X C U\ \ Uq. 
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Since rk(As) = 2 and A' s = ZS, statements (2) and (3) of Lemma EH imply 
that there exists a set Y G S(A)u such that 

X = (L 1 \L )Y = {JxL Y 

X 

where x runs over the representatives of L -cosets in Li other than L . More- 
over, the set xL Y is basic in A' for all x. Therefore the group T' u acts 
transitively on each of them. On the other hand, the group A u acts on S 
as Hol(S% = Aut(S), and hence is transitive on the set S \ {1}. Thus the 
group T u acts transitively on X and we are done. 

To prove statements (1) and (2) let C G V sg i(A). If C — C, then state- 
ment (1) follows because Gwr_4(C) = A < T. Otherwise, by statement (2) of 
Theorem 17.11 we have C G V sg i(A'). However for the group V statement (1) 
holds and hence Gwr^/(C) < T'. Since Gwr^/(C) = Gwr^(C) and V < T, 
statement (1) is proved. 

Turn to statement (2). First suppose that the class C is of composite 
order. Then C ^ C. By Theorem 17.11 this implies that C G V sg i{A'). Since 
for the group V statement (2) holds, for any section S G C we have 

T s > (r) 5 = Sym(S) 

and we are done. Now suppose that the class C is of prime order. Since 
by the induction hypothesis the groups V and Aut(^4') are 2-equivalent, so 
are the groups (T') s and Aut(A') s where S G C. On the other hand, by 
the definition of A' and Theorem 13.21 the latter group coincides with S r i g ht 
when C = C. Thus taking into account that for V statement (2) holds, we 
conclude that ^ 

(Y')S _ J SrighU if C = C, 

1 1 [Eo\(S), \iC±C. 1 1 

From now on without loss of generality we assume that S = U\/Uq and 
Uq = {1g} where C/j = Uq(C), i = 1,2: the former due to Lemma I3TT1 
whereas the latter because the natural epimorphism T — » T G ^ U ° induces an 
isomorphism from V s onto (T G / u o^ s _ Then S = JJ\ is a cyclic group of prime 
order and C = {S}. 
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To formulate the following auxiliary lemma we need one more notation. 
It is easily seen that given a Lq-coset X the group Hol^i) 7 < Sym(X) does 
not depend on the choice of 7 G (G r i g ht) Ul ' x • We denote this group by K(X). 
Clearly, K{U l ) = Hol(^). 

Lemma 8.2 Let K < Sym(G) be the intransitive direct product of the groups 
K(X) < Sym(X) where X runs over the Ui-cosets. Then the group A nor- 
malizes K . 

Proof. Since U\ is a block of the group T > A, it suffices to verify that given 
7 G A we have 

K{Xy X = X(X 7 ) (38) 

for all X G GjU\. To do this suppose first that X (£_ Lq. Then since X and 
Lq are blocks of T, and the number \X\ is prime, we see that \X D U%\ < 1. 
However, the group A = Gwr^C) acts trivially outside Lq. Therefore 7 
fixes at least one, and hence all points of X. Thus in this case equality (15B1) 
is obvious. 

Let X C Lq. Then obviously Lq C Lq. First, suppose that U\ C Uq. 
Then X is contained in some set X G U\/Uq. By the definition of Gwr_4(C) 
(see (JMJ)) this implies that 7^ G {{Ui) right ) x > x ' where X' = X 7 . This implies 
that 7^ G (G right ) x ' x ' where X' = X 7 , whence (JSHD follows. Finally, let 
Ui (£ Uq. Since the index of U in Z7i is prime, this implies that UiU = XJ\. 
On the other hand, since \Ui\ is prime, we have U\ fl Uq = {1}. Thus 
S 1 = Ui/Uq is a multiple of Ui/1 = S, and hence C = C. This implies that 
Uq = L = 1, and hence X = U\ — L\. Thus 

K{X) = HoI(ZTl) = Hol(Li) = Gwr^(C) 171 = A^ 1 

and equality fl38l) holds because obviously (A c/l ) 7 ' 71 = A 171 .* 

To complete the proof we observe that the Lq-cosets form an imprimitivity 
system for the group V > G r i g ht- From (1371) it follows that T' normalizes K. 
By Lemma 18.21 and (13 6 j) this implies that the group T, and hence the group 
T (sy normalizes K. It follows that V s normalizes K s in Sym(S'). Therefore 
taking into account ( 157)) and the fact that A s = Hol(S) for C = C, we have 

Hol(S) < < X(X^) = X(Hol(5)) (39) 
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where N(-) denotes the normalizer in Sym(S'). However, S being a cyclic 
group of prime order is a characteristic subgroup of its holomorph. It follows 
that the group in the right-hand side of fl39l) coincides with N(S r i g ht) = 
Hol(S'). Thus V s = Hol(S') and we are done.a 



9 Proof of Theorem 11.5 

Below under a section of a transitive group 

T < Sym(V) 

we mean a permutation group Y X I E where X is a block of T and E is a T- 
invariant equivalence relation. It is easily seen that this section is transitive; 
it is primitive whenever each block of V properly contained in X is contained 
in a class of E. 

Let now V be as in Theorem 11.51 Then any section of V is permutation- 
ally isomorphic to a section V s where S G F{G). Therefore statement (1) 
immediately follows from Theorem 14.61 and the following lemma. 



Lemma 9.1 Any composition factor of a transitive group is isomorphic to 
a composition factor of some of its primitive sections. 

Proof. Let V < Sym(V) be a transitive group. Take a minimal T-invariant 
equivalence relation E. Then by the Jordan-Holder theorem any composition 
factor of T is isomorphic to either a composition factor of the transitive group 
T v / E , or a composition factor of the kernel of the epimorphism from Y 
onto T y l E . Since obviously any primitive section of Y y l E is permutationally 
isomorphic to a primitive section of T, by induction it suffices to verify that 
any composition factor of Ye is isomorphic to a composition factor of the 
group Y x where X G V/E. However, is a subdirect product of the groups 
(Te) x , X G V/E. Therefore any composition factor of Ye is isomorphic to 
a composition factor of a any of the groups (Y E ) X ■ Since the latter group is 
normal in Y x , we are done.a 

To prove the sufficiency in statement (2) suppose that every alternating 
composition factor of the group Y is of prime degree. Denote by A the S-ring 
over the group G associated with Y. Then Y = Aut(*4). We claim that a 
class C G V sg i(A) of composite degree is in fact of degree 4. To prove this 
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claim let S G C. Then by Theorem 14.61 we have V s = Sym(S'). Besides, 
if S = U/L, then the group Te where E = Eu, is obviously normal in T. 
Therefore 

Sri 9h t < (T E ) S <T S = Sym(S). 

This implies that either \S\ = 4 or (T E ) S G {Alt(S), Sym(S)}. By the 
Jordan-Holder theorem any composition factor of (T^) 5 is isomorphic to 
a composition factor of T. Thus due to the supposition we conclude that 
\S\ =4, and the claim is proved. 

By the claim and Theorem 18.11 one can find a 2-equivalent to T group 
T' such that G r ight < r" < Sym(G) and (T') s = Hol(S') for any section S 
belonging to a singular class C G V sg i(A) of degree other than 4. Since the 
group Sym(4) is solvable, we conclude from Theorem 14.61 that any primitive 
section of the group T' is solvable. By Lemma [DTT1 this implies that the latter 
group is solvable and we are done. 

To prove the necessity suppose that the group T is 2-equivalent to a 
solvable group V containing G rig ht- Let Y have a composition factor isomor- 
phic to the group Alt(m) where m is a composite number. Then obviously 
m > 4. By Lemma 19.11 there exists a primitive section S G ^(^4) such that 
the group V s has a composition factor isomorphic to Alt(m). Since m > 4, 
the latter group is not solvable. Therefore by Theorem 14.61 we have 

T 5 = Sym(S') and m = \S\. 

On the other hand, the groups V s and (T') s are 2-equivalent. So the latter 
one is primitive. Since it is also solvable, its degree is a prime power |TT| 
Theorem 11.5]. Taking into account that this group contains the regular 
cyclic subgroup S rig ht, we conclude by [HI Theorem 27.3] that either \S\ is 
prime, or \S\ = 4. However, m = \S\ is a composite number greater than 4. 
Contradictions 



10 Proof of Theorem 11.3 

We deduce Theorem 11.31 from Theorem 110.21 below the proof of which uses 
the following auxiliary lemma. 

Lemma 10.1 Let G = Yliei and A = Yliei ^ where Gi is a cyclic group 
and (Gi) rig ht < Aj < Hol(Gj) ; i G /. Suppose that A' < Sym(G) is a 
2-equivalent subgroup of the group A. Then A' = A. 
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Proof. By the lemma hypothesis the 2-orbits of A and A' are the same. On 
the other hand, denote by Xi the 2-orbit of Aj containing the pair (l^,^) 
where gi is a generator of the group Gi. Then Aj acts regularly on Xi because 
Aj < Hol(Gj). Therefore the set X = j^Xj is a 2-orbit of A on which this 
group acts regularly. Thus 

|A| = |X| < \A'\. 

Since A' < A, this implies that A' = A and we are done.a 

Turning to the proof of Theorem 11.31 set S = U/L. Then by the theorem 
hypothesis there exists an integer k > such that 

k 

A s = (g)As l (40) 

where Si is an As-subgroup, S = Yli=o the S-ring As { is normal for i = 0, 
and is primitive of rank 2 and of degree at least 3 for % > 1. Denote by / 
(resp. by J) the set of all i £ {1, ... , k} for which the number |Sj| is prime 
(resp. composite). 

Theorem 10.2 In the above notations suppose that the S-ring A is schurian 
and T < Sym(G) is the group the existence of which was stated in Theo- 
rem \8.1\ Then 

t s = knt{A So ) x n H °K^) x n s y m (^)- ( 4i ) 

Proof. Let j G J. Then by Theorem 14.61 the class Cj of projectively equiva- 
lent sections that contains Sj is singular. Set Aj = Gwr^(Cj). Then Aj < T 
by the choice of T (see statement (1) of Theorem 18 .ip . Moreover, 

(A,)^ = Sym(^) and (A,) 5 ' < (Si) right , i + J 

(the equality follows from the definition of the group Gwr^Cj) and state- 
ment (3) of Theorem 16.81 whereas the inclusion is the consequence of state- 
ment (2) of the same theorem). Since obviously V s > (A J, S rig ht) and S rig ht 
is the direct product of the groups (Si) right over all i, it follows that 

r 5 >Sym(^)x{id 5j/ }. 
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where Sf is the direct product of the groups Si, i ^ j. Thus 

T 5 = r 5 '* x Y[ Sym(Sj) (42) 
jeJ 

where I* = I U {0} and Sj* is the product of all Si with i G /*. 

By the theorem hypothesis the groups V and Aut(*4) are 2-equivalent. 
Therefore so are the groups V s and Aut(^4) 5 for any section S' G J 7 (A). 
Due to ( I40p and the schurity of A this implies that 

r 5 - » Aut(^) 5 - « Aut^j = n Aut (^^) « n Aut (^) 5i t n r51 - 



2 

16/* ie/* i€/* 



Thus by ( 142)) and Lemma riO.ll to complete the proof of the theorem it suffices 
to verify that given i G /* we have 

p5i fHol(^), if^O, 
[Aut(As ), if i = 0. 

To do this let iGl*. First suppose that i = 0. Then the normality of the 
S-ring As implies that 

T So < Aut(^) So < Aut(^ 5o ) < Hol(So). 

On the other hand, we have 

r 5 ° « Aut(„4) 5 ° « Aut(^so)- 

Thus T 5 ° = Aut(A%) by Lemma Q3HT] for I = {0} and A = Aut(As )- 

Suppose that i > 0. Then z G / and the number j^l is prime. Therefore 
without loss of generality we can assume that the section Si is not singular 
(see statement (2) of Theorem 18. ip . Then by Theorem 14.61 we have 

T s > < Aut(„4) 5 * < Hol(Si). 

On the other hand, since A is schurian and rk(Asi) = 2, we obtain that 

T s * » Aut(A) s * « Aut(^) « Hol(^). 
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Thus T 5 * = Hol(Si) by Lemma HDH for / = {i} and A = Hol(^).- 



Let us turn to the proof of Theorem 11.31 Since the schurity is preserved 
under taking restrictions and factors, the necessity is obvious. To prove the 
sufficiency suppose that the S-rings Au and Ag/l are schurian. Denote by r 
and Yu the groups the existence of which is provided by Theorem 18.11 applied 
to the S-rings Ag/l and Au respectively. Then for the groups A = r and 
Ajj = Yu the first two inclusions in ( fit)]) and condition (fl3|) are satisfied. By 
Corollary 15. 71 to complete the proof it suffices to verify that the third equality 
in fllOp also holds for them. However, this is true due to Theorem 110. 2l applied 
both to the S-ring Ag/l with Y = A , S = U/L, and to the S-ring Au with 
r = Au, S = U/L.u 

11 Circulant S-rings with Q(ri) < 4 

The main goal of the section is to study non-schurian S-rings over a cyclic 
group of order n with Q(n) < 4. 

Theorem 11.1 Any S-ring over a cyclic group of order n with Q(n) < 3 is 
schurian. 

Proof. The required statement is trivial for n — 1. Let Q(n) > and A an 
S-ring over a cyclic group G of order n. If the radical of A is trivial, then 
we are done by Corollary 14.31 Let now the radical of A is not trivial. Then 
by statement (1) of Theorem 14.11 there exists an ,4-section S = U/L of the 
group G such that the S-ring A satisfies the S'-condition nontrivially. By the 
induction hypothesis the S-rings Au and Ag/l are schurian. Moreover, since 
Q(n) < 3, we have — 1- Therefore ia.d(As) = 1- Thus A is schurian 

by Theorem 11.31 b 

The following auxiliary lemma will be used in the analysis of the four 
primes case. We fix a cyclic group G of order pqr where p, q and r are 
primes. The subgroups of G of orders pq and r are denoted by M and iV 
respectively. We also fix a section S of G of order pq; obviously, 5* = M/l or 
S = G/N. 

Lemma 11.2 Let A be an S-ring over the group G that is not a proper wreath 
product. Suppose that S G F(A), \S\ =fi 4 and As is the wreath product of 
the S-ring over the group of order p by the S-ring over the group of order q. 
Then the set of orders of proper A- subgroups equals {p,r,pq,pr} and 
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(1) ifS = M/l, then q^r, 

(2) ifS = G/N, thenp^r. 

Moreover, either A is normal and then p = q, or A satisfies the M'/N'- 
condition where M' and N' are the subgroups of G of orders pr and p respec- 
tively. 

Proof. First, we find the set Q(A) and prove that statements (1) and (2) 
hold assuming G = M x N with M, N G Q(A). Indeed, in this case obviously 
r G' {p, q) and the section S is projectively equivalent to both M/l and G/N. 
Therefore both statements (1) and (2) hold. Next, since by Theorem 13.21 the 
S-ring Am is Cayley isomorphic to As, the hypothesis of the lemma on the 
latter implies that Q{A M ) = {1,N',M}. Besides, Q{A) = Q{A M )Q{A N ) by 
Lemma O Thus Q(A) = {1, N, N', M', M, G} and we are done. 

Suppose that the S-ring A is normal. Then it is dense by statement (1) 
of Theorem 14.21 This implies that p = q because otherwise |{?(AsOI = 3 
which contradicts the lemma hypothesis. Thus if G is not a p-group, then 
G = M x N with M, N G Q{A), and we are done by the previous paragraph. 
However, if G is a p-group, then p ^ 2 because by the hypothesis \S\ ^ 4. 
Then by Corollary 14.41 this implies that the S-ring As is normal, which is 
impossible due to statement (3) of Theorem 14.21 

Finally, suppose that the S-ring A is not normal. If rad(^4) = 1, then by 
statement (2) of Theorem 14.11 this implies that 

A = Atf®A s (44) 

for some ^4-groups M and iV with f2(|M|) = 2 and f2(|iV|) = 1 (here we 
use the fact that rk(^4.) > 3 by the lemma hypothesis). However, if \N\ G 
{p, q}, then it is easily seen that As is a non-trivial tensor product which 
is impossible. Thus M = M and N = N. Therefore the section M/l is 
projectively equivalent to S, and so N' G G(A) and Am = An'IAm/n' ■ Thus 
due to (jH]) the S-ring A satisfies the M'/iV'-condition which contradicts the 
assumption rad(^4) = 1 by statement (1) of Theorem 14.11 

Let rad(^l) ^ 1. Then by statement (1) of Theorem 14.11 there exist 
-4-groups M and N such that 1 < N < M < G and A satisfies the M/N- 
condition. Since A is not a proper wreath product, we also have M ^ N. 
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By the same reason both A-^ and A G ^ are not proper wreath products 
(because otherwise A = A^l A G ^ in the former case, and A = A M I A G ^ 
in the latter case). 

Let us assume that S = M/l (the case S = G/N can be treated in a 
similar way). Then obviously M is an .4-group. Moreover, 

N c M. (45) 

Indeed, otherwise NnM — 1, and hence G = M x N . But then A G ^ being 
a Cayley isomorphic to Am, is a proper wreath product, which is impossible 
by above. Next, since A^ is also not a proper wreath product, we have 

M / M. (46) 

Now, taking into account that Q(Am) = {1> N' , M}, we deduce from fj4"5l) 
that N = N'. Therefore M G {M, M'} and due to (HBJ we have M = M', 
and hence M' ^ M. The latter implies that q ^ r. Finally, to find the 
set G{A) we observe that since the S-ring Aw = A M is of rank at least 3 
and not a proper wreath product, Theorem 14.11 implies that Am' is either 
normal or a nontrivial tensor product. So it is dense (in the former case this 
follows from statement (1) of Theorem 14.21) . and hence Q(Am') D {^'j^}- 
Therefore Q(A) is as required: if iV = N', then this is obvious, whereas if 
N ytz N', then G = M x N and this is true by the statement in the first 
paragraph.* 

Theorem 11.3 Let A be a non-schurian S-ring over a cyclic group G of 
order n with Q(n) = 4. Then A satisfies non-trivially some S-condition. 
Moreover, for any such A-section S = U/L we have 

(1) \L\ and \G/U\ are primes, and \S\ ^ A, 

(2) As is a proper wreath product, 

(3) Au and Ag/l are n °t proper wreath products and cannot be normal 
simultaneously. 

Proof. By Lemma 14.31 the radical of the S-ring A is not trivial. Then by 
statement (1) of Theorem 14.11 there exists an ^4-section S = U/L of the 
group G such that the S-ring A satisfies the S-condition nontrivially. It 
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follows that \L\ and \G/U\ are primes. Therefore by Theorem 111.11 the S- 
rings A\j and Ag/l are schurian. By Theorem 11.31 this implies that the S-ring 
As can be neither normal nor of rank 2. Since any S-ring over a cyclic group 
of order 4 is obviously of rank 2 or normal, statement (1) follows. Moreover, 
by Theorem 14.11 the S-ring As is a proper generalized wreath product, and 
hence a proper wreath product. Statement (2) is proved. 

Next, the schurity of the S-rings Ajj and Ag/l imply that the groups 
Aut(Au) s and Aut (Ag/l) s are 2-equivalent. If in addition both of these 
S-rings are normal, then the above groups are between S r i g ht and Hol(S'). 
Thus they are equal. By Corollary 15.71 this implies that A is schurian. Con- 
tradiction. This proves the second part of statement (3). To prove the first 
one suppose that 

Au = Ah I Au/h 

for some proper ^4-subgroup H of U (the case when Ag/l is a proper wreath 
product can be treated in a similar way). Then any ^4-subgroup of U either 
contains H or is a subgroup of H. Since \L\ is prime, this implies that 
L < H . However, then A satisfies the H/L- condition which is impossible by 
statement (1) of this theorem.* 

Let us fix a cyclic group G of order n = P\p 2 p 3 pA with p f 's being primes. 
Then for any divisor m of n there is a unique subgroup of G of order m. 
Denote by U, V, G\, H, G 2 , K, L subgroups of G such that 

\U\=P!P 2 P3, \V\=p 1 p 3 p 4 , 

\Gi\=p 1 p 2 , \H\=p 1 p 3 , |G 2 |=P3P4, 

I if I = pi, \L\ = p 3 - 

It is easily seen that if p\ ^ p 3 and p 2 7^ P4, then K 7^ L, U 7^ V and these 
subgroups form a sublattice of the lattice of all subgroups of G, as in Fig.l 
below (if p 2 = p 3 , then G\ = H, whereas if p\ = p 4 , then G 2 = H): 

Theorem 11.4 Let A be a non-schurian S-ring over the group G as above. 
Suppose that A satisfies the U / L- condition. Then \U/L\ 7^ 4 and 

(1) pi 7^ p 3 and p 2 7^ P4 and the lattice of A- subgroups of G is as in Fig.l, 

(2) Ajj/l = Ah/l I Au/h, 
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Figure 1: 

(3) the S-rings Au and Ag/l cannot be normal simultaneously; moreover, 
if one of them is normal, then p\ = p 2 , 

(4) if Au is not normal, then Au = AhIh/k Au/k, whereas if Ag/l is not 
normal, then A g /l = A v /l Iv/h A g /h, 

(5) if both Au and Ag/l are n °t normal, then both Ay and Ag/k are n °t 
normal and A = Ay \y/K Ag/k, 

Proof. Let S = U/L. Then the inequality \S\ ^ 4, statement (2) and the first 
part of statement (3) hold by Theorem 111.31 Besides, by the same theorem 
the hypothesis of Lemma [11.2l is satisfied for the section S and both the S-ring 
Au and (p, q,r) = (pi,p 2 ,P3), and the S-ring Ag/l and (p, q,r) = (pi,p 2 ,P4)- 
Thus by this lemma all the rest except for statement (5) follow. To prove 
the latter suppose that the S-rings Au and Ag/l are not normal. Then by 
statement (4) we have 

Au = A H Ih/k Au/k and A g /l = A v/L l v/H A g /h- (47) 

Take X G S(A) G \v- If X C U\V, then obviously X C U \ H. By 
the left-hand side equality in (|4"T|) this implies that K < rad(X). Let now 
X C G \ U . Then L < rad(X) because A satisfies the [7/L-condition by 
the theorem hypothesis. However, ttl(X) C itl(G) \ n L (y). By the right- 
hand side equality in f|4Tj) this implies that nu{H) < rad(7r^(X)). Therefore 
K <H < rad(X). Thus 

A = Ay ly/K Ag/K- 
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Next, by statement (1) of Theorem 111.31 we have \V/K\ ^ 4. Besides, the 
S-ring Ay satisfies the H/ L-condition because A satisfies the U / L-condition, 
and U fl V — H due to the inequality p 2 ^ Pi proved above. Therefore by 
statement (3) of Theorem 14.21 the S-ring Ay can be normal only if \V/H\ = 
\L\ =2. But this is not the case because 

A^\V/K\= Pm = \L\\V/H\. 

Thus the S-ring Ay is not normal. The fact that the S-ring Ag/k is not 
normal is proved in a similar ways 

12 Example 

Throughout this section Z n is the additive group of integers modulo a positive 
integer n. 

For any divisor m of n denote by i m , n : Z m — > Z n and n n ,m '■ Z n — > 
the group homomorphisms taking 1 to n/m and to 1 respectively. Using 
them we identify with Z m both the subgroup 2 m , n (Z m ) and the factorgroup 
Z n / ker(7r njm ) of Z n . Thus every section of Z n of order m is identified with 
the group Z m . Moreover, the automorphism of Z n afforded by multiplication 
by d induces the automorphism of that section afforded by multiplication by 
the same number d. 

If A is an S-ring over Z n and Z m belongs to S*(A), then A% m will be 
denoted by A m and Az n /z m by A n l m . Let finally A\ be an S-ring over Z n; 
(/ = 1,2) and {A\) m = (A2) m for some m dividing both ri\ and n 2 . Then 
the unique S-ring A over Z nin2 / m from Theorem 13.41 is denoted by A\ l m A 2 - 
We omit m if m — 1. Given a group K < Aut(Z n ) and a prime p dividing n 
we write K p for the p-projection of K in the sense of decomposition ()4]), and 
Cyc(K,n) instead of Cyc(K, Z n ). 

In what follows we will construct a family of non-schurian S-rings over a 
cyclic group of order n = P1P2P3P4, where pi is a prime and 

Pi = P2 = P 7^ Pi and p | p 3 - 1. 

Let us fix a positive integer <i. Suppose that d \ p — 1 and M < Aut(Z p 2 P3 ) a 
cyclic group of order pd such that |M p | = pd and |M P3 | = p. Set 

A 1 = Cjc(M,p 2 p 3 ). 



42 



We claim that 

(Aif = Cyc(d,p)lCyc(d,p) (48) 

where Cyc(d,p) = Cyc(K,p) with K being the subgroup of Aut(Z p ) of or- 
der d. Indeed, it is easily seen that (Ai) p = Cyc(M„,p 2 ). On the other hand, 
since p divides \M P \, the group rad((^4i) p ) is nontrivial. By statement (1) of 
Theorem 14. II this implies that (*4i) p is a nontrivial generalized wreath prod- 
uct. So this S-ring is the wreath product of (Ai) p by (Ai) p . Since obviously 
(Ai) p = (Ai)p = Cyc(d,p), the claim is proved. 

Next, suppose that d |p 4 — 1. Given two cyclic groups Mi, M 2 < Aut(Z pp4 ) 
of order d such that |(Mj) p | = |(Mj) P4 | = d, i — 1, 2, set 

A 2 = Cyc(M 1 ,pp 4 ) ? P4 Cyc(M 2 ,pp 4 ). 

Then rad(^4 2 ) contains the subgroup of order p. Besides, since p ^ p 4 , 
Lemma implies that A 2 > (A 2 ) p 2 ® (^)p4- Thus the group rad((^4 2 ) P 2 ) 
is non-trivial. By statement (1) of Theorem 14. II this implies that (A 2 ) p 2 is a 
nontrivial generalized wreath product. So this S-ring is the wreath product 
of (A 2 ) p by (A 2 ) p . Since (A 2 ) p = (A 2 ) p = Cyc(d,p), we conclude that 

(A 2 ) p 2 = Cyc(d,p)lCyc(d,p). (49) 

From (gBJ and (g2J it follows that (A) p2 = (A 2 ) p 2 and we set 

A = Ai l p 2 A 2 . (50) 

We observe that the S-rings Ai, Cyc(Mi, pp 4 ) and Cyc(M 2 ,pp 4 ) are cyclo- 
tomic, and hence dense. The density of the two latter S-rings implies that 
the S-ring A 2 is also dense. Thus the set Q{A) contains the subgroups K, L, 
Gi, H, G 2 , U and V, of the group G = 7L n of orders p, p 3 , p 2 , pp 3 , p 3 p^ p 2 p 3 
and PP3P4 (see Fig. [TJ. 

Theorem 12.1 The S-ring A is non-schurian whenever Mi ^ M 2 . 

Proof. Suppose that Mi 7^ M 2 . It is easily seen that each of the S-rings Ai, 
Cyc(Mi,pp 4 ) and Cyc(M 2 ,pp 4 ) has trivial radical, and is not a proper tensor 
product (the latter is true because otherwise d = 1 and hence Mi = M 2 ). 
By Theorem 14. II this implies that all these S-rings are normal. To prove that 
the S-ring A is not schurian it suffices to find an element 

7 G {T u / L ) u \ (A u / L ) u (51) 
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where T = Aut(Ai), A = Aut(*4 2 ) an d u — (in the group U/L). Indeed, in 
this case the group V = Y u / L fl A U ^ L is a proper subgroup of T U I L . Besides 
by the normality of the S-ring A\ we have 

T u/L < Ro\(U/L). (52) 

Thus the groups V and T U ^ L are not 2-equivalent by Lemma HU.li Since 
obviously Y U ' L is 2-equivalent to Aut(Au/L), the S-ring A is not schurian by 
Corollary 15.81 

To find 7 as in (15T|) we note that from the definition it follows that M\ is 
a subgroup of the group 

Aut(V/L) = Aut(F/L) x Aut(G 2 /L) = Aut(Z p ) x Aut(Z w ). 

Moreover, if Q < Aut(Z p ) and R < Aut(Z P4 ) are the groups of order d, then 

M 1 = {(x,y)EQxR: Vl {x) = y} (53) 

where (pi is an isomorphism from Q to R. Similarly, M 2 is a subgroup of the 
group 

Aut(G/H) = Aut(C//F) x Aut(V/H) = Aut(Z p ) x Aut(Z P4 ), 

and 

M 2 = {(x, y) E Q x R : ip 2 (x) = y} (54) 

where (f2 is an isomorphism from Q to i?. Let now 5 G A u . Then taking into 
account that the S-rings (-4 2 )t/ = Cyc(Mi,pp 4 ) and (*A 2 )g/h = Cyc(M 2 ,pp 4 ) 
are normal (see above), we conclude that (S) V ^ L G Mi and (S) G ^ H G M 2 . 
Due to (|53|) and (|54|) this implies that 

ipx {S H l L ) = 8 v l H and ip 2 (8 u l H ) = 5 y l H . (55) 

Next, since Mx 7^ M 2 , from (I55|) and f)54p it follows that there exist distinct 
elements £i,x 2 G Q such that 

<fi{xi) = (p 2 (x 2 ). (56) 

On the other hand, due to inclusion fl52l) one can find an element 7 in the 
group T u = M for which j H / L = j u / H = x\. To complete the proof of the 
theorem let us check that 7 satisfies fl5T|) . Suppose on the contrary that 
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ryU/L e (A u ) u / L . Then there exists 5 E A u such that S u/L = j u/L . So 
from f )55|) . (156]) and the definition of 7 it follows that 

<p 2 (6 u ' H ) = ^i(5 H/L ) = <px{-f /L ) = <pi( Xl ) = y 2 {x 2 ). 
This implies that x 2 = 8 U ' H = which is impossible because 

X\ ^ X 2 M 

Theorem 12.2 Let n = p\p 2 pzP± where Pi 's are odd primes. Suppose that 
{PI1P2} H {^3,^4} = and that p\ — 1 and p± — 1 /iawe a common divisor 
d > 3. T/ien a cyclic group of order n is non-schurian whenever either d 
divides both p 2 — 1 and p^ — l, or p± — p 2 and p\ divides p% — 1. 

Proof. If the number d divides both p 2 — 1 and 7J3 — 1, then d divides Pi — 1 
for i = 1,2,3,4. Due to [2] this implies that there is a non-schurian S-ring 
over the group 1 n . Thus this group is non-schurian. To complete the proof 
suppose that p\ = p 2 = p and p divides p 3 — 1. Using (TjJ set 

M = {(x,y) E Aut(Z p2p3 ) : cp(x) = y} 

Mi = {(x,y) E Aut(Z pP4 ) : ip^x) = y} 

where p is an epimorphism from the subgroup of Aut(Z P3 ) of order pd to the 
subgroup of Aut(Z p 2) of order p, and <pi is an isomorphism from the subgroup 
of Aut(Zp) of order d to the subgroup of Aut(Z p4 ) of order d. Then obviously 
M is a cyclic group of order pd such that \M P \ = pd and |M P3 | = p, and is 
a cyclic group of order d such that |(Mj) p | = |(Mj) P4 | = d. Since d > 3, the 
isomorphisms (p± and (p 2 , and hence the groups Mi and M 2 , can be chosen 
to be distinct. Thus by Theorem 112.11 the S-ring A is non-schurian and we 
are done.a 

The minimal example is n = 5 • 5 • 11 • 13. 
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Abstract 



The generalized wreath product of permutation groups is intro- 
duced. By means of it we study the schurity problem for S-rings over 
a cyclic group G and the automorphism groups of them. Criteria for 
the schurity and non-schurity of the generalized wreath product of two 
such S-rings are obtained. As a byproduct of the developed theory we 
prove that G is a Schur group whenever the total number Q(n) of 
prime factors of the integer n = \G\ is at most 3. Moreover, we de- 
scribe the structure of a non-schurian S-ring over G when Q(n) = 4. 
The latter result implies in particular that if n = p 3 q where p and q 
are primes, then G is a Schur group. 

1 Introduction 

One of the central problems in the theory of S-rings over a finite group 
that goes back to H. Wielandt, is to identify schurian S-rings, i.e. those 
arising from suitable permutation groups (as for a background of S-rings see 

*The work was partially supported by Slovenian-Russian bilateral project, grant no. 
BI-RU/10-11-018. 

T The work was partially supported by Slovenian-Russian bilateral project, grant no. 
BI-RU/10-11-018. 
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Section 12. 2p . At present this problem is still open even for S-rings over a 
cyclic group which are called below circulant. In (9], [3] it was proved that 
any circulant S-ring can be constructed from S-rings of rank 2 and normal 
S-rings by means of two operations: tensor product and generalized wreath 
product. It should be noted that the S-rings of rank 2 as well as the normal 
S-rings are schurian, and the tensor product of schurian S-rings is schurian. 
However, the generalized wreath product of schurian S-rings is not always 
schurian: the first examples of non-schurian generalized wreath products 
were constructed in [2j. It follows that there exist non-schurian S-rings over 
a cyclic group of order n where Q(n) = 4. On the other hand, it was proved 
in [TQl IB] that any cyclic group of order n with Q(ri) < 2 is a Schur group, 
i.e. any S-ring over it is schurian. 

The main goal of this paper is to lay the foundation of the complete 
characterization of Schur cyclic groups. As an easy byproduct of the theory 
developed here we obtain the following result (which is just a reformulation 
of Theorem lll.ip . 

Theorem 1.1 Any cyclic group of order n with Q(n) < 3 is a Schur group. 

The problem of the identification of schurian S-rings leads naturally to 
studying the automorphism group Aut(^4) of an S-ring A over a group G. 
By definition Aut(^4) is the automorphism group of the Cayley scheme cor- 
responding to A] this group always contains the subgroup G rig ht consisting 
of all permutations induced by right multiplications. If the group G is cyclic, 
then the arguments from the above paragraph show that all we have to do 
is to study Aut(*4) when A is a generalized wreath product: 

A = A V Ijj/l A G/L (1) 

where U and L are ^4-subgroups of the group G such that L < U, and 
Au (resp. Ag/l) is the restriction of A to U (resp. to G/L); the latter is 
equivalent to the fact that any basic set of A contained in G \ U is a union of 
cosets modulo L. In these terms the group Aut(^4) coincides with the largest 
group T < Sym(G) such that 

T u < Aut(Au) and T G/L < Aut(^ G/L ) 

where T u (resp. r G//L ) is the permutation group induced by the action on U 
of the setwise stabilizer of U in T (resp. by the action on G/L of the group 
T). This suggests the following construction which is central for our paper. 
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Let V be a finite set and E C Ei equivalence relations on V. Suppose 
we are given two permutations groups Au < Sym(Z7) where U G V/Ei, and 
Ao < Sym(V/ E , such that 

(Au) u/E ° = (A )^ 

where U / Eq is the set of -Eo-classes contained in U. Then all maximal groups 
T < Sym(V^) leaving E and E 1 fixed and such that 

= A v and T v / Eo = Ao, 

are permutationally isomorphic. In fact, any such group is uniquely de- 
termined by choosing a family of bijections identifying the classes of V/E\ 
with U. It is called the generalized wreath product of Au and Ao (with re- 
spect to this family). It is easily seen that our construction coincides with 
the ordinary wreath product when Eq = E\. 

An important special case arises when V = G is a group, the classes of Eq 
and Ei are the left cosets modulo a normal subgroup L of G and modulo 
a subgroup U of G that contains L respectively. Then one can identify 
the classes of V/E 1 with U by means of permutations from G rig ht, and the 
generalized generalized wreath product of A^ and A does not depend on 
choosing bijections of this type. The permutation group on G obtained in 
this way contains G r i g ht, is called the canonical generalized wreath product 
of Au by A over G, and is denoted by Au Iu/l Ao (see Subsection 15.21) . 

In the early 1950's D. K. Faddeev introduced the generalized wreath 
product of two abstract groups (see [7, p.46]). One can prove that the gener- 
alized wreath product of permutation groups defined in the above paragraph 
is isomorphic (as an abstract group) to the group obtained by the Faddeev 
construction. Curiously, the authors independently came to the generalized 
wreath product of S-rings and only after that got aware of the Faddeev work. 
It should be noted that the concept of generalized wreath product of permu- 
tation groups proposed in paper [Tj is different from ours. 

One of the motivations to define the generalized wreath product of permu- 
tation groups is Theorem 1 1 . 2 1 b elow which immediately follows from Corollar- 
ies 15.51 and 15.71 In particular, this gives a necessary and sufficient condition 
for a generalized wreath product of two S-rings to be schurian in terms of 
2-equivalent subgroups of their automorphism groups (for the 2-equivalence 
we use the same notation w as in Wielandt's book [12], see also Notation). 
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Theorem 1.2 Let A be an S-ring over an abelian group G that is the gen- 
eralized wreath product ([1]) . Then 

(1) Aut(^) = Aut(A) u l u/L Ant(A) G ' L , 

(2) A is schurian if and only if there exist groups Au and A such that 

(a) U right <A V < Aut(Au) and (G/L) right < A < Aut(A G/L ), 

(b) A v « Aut(Au) and A » Aut(A?/i), 

(c) {A ) U ' L = (A v ) s . 

Moreover, in this case Aut(.A) ~ Au ljj/ L A . 

The proof of Theorem 11.21 is not too complicated modulo the character- 
ization of the automorphisms of the generalized wreath products of S-rings 
given in paper [4]. However, the theory of generalized wreath products of 
circulant S-rings initiated in that paper and developed here (Sections [3J1H]) , 
especially the part of it concerning singularities and their resolutions, en- 
ables us to reveal a special case of Theorem 11.21 in which the schurity is 
easily checked. This special case formulated in the theorem below is, in fact, 
the key ingredient to prove Theorem 1 1 . 1 1 and the other results of this paper. 

Theorem 1.3 Let A be an S-ring over a cyclic group G that is the general- 
ized wreath product ([T]). Suppose that Au/l is the tensor product of a normal 
S-ring and S-rings of rank 2. Then A is schurian if and only if so are the 
S-rings Au and Ag/l- 

According to Theorem 14.11 of this paper first proved in [3], any circulant 
S-ring with trivial radical is the tensor product of a normal S-ring and S-rings 
of rank 2. Thus the following statement is a special case of Theorem 11.31 

Corollary 1.4 Let A be an S-ring over a cyclic group G that is the general- 
ized wreath product (CQ). Suppose that Au/l is an S-ring with trivial radical. 
Then A is schurian if and only if so are the S-rings Au and Ag/l- 

With the exception of the Burnside-Schur theorem it is not so much 
known on the structure of a permutation group containing a regular cyclic 
subgroup. In fact, only the primitive case was studied in detail and the main 
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results are based on the classification of finite simple groups. On the other 
hand, as a byproduct of the theory developed to prove Theorem 11.31 we can 
get some information on a 2-closed permutation group containing a regular 
cyclic subgroup (such a group is nothing else than the automorphism group 
of a circulant S-ring). Namely, in Section Owe prove the following result. 

Theorem 1.5 Let T be the automorphism group of an S-ring over a cyclic 
group G. Then 

(1) every non-abelian composition factor ofT is an alternating group, 

(2) the group T is 2-equivalent to a solvable group containing G r i g ht if and 
only if every alternating composition factor of T is of prime degree. 

By Theorem 11.11 non-schurian S-rings over a cyclic group of order n exist 
only if Q(n) > 4. In Section [11] we study the structure of a non-schurian 
S-ring A when Q(n) = 4. Based on Theorem 11.31 we prove that A is the 
generalized wreath product of two circulant S-rings such that either both of 
them are generalized wreath products, or exactly one of them is normal. We 
note that non-schurian circulant S-rings constructed in [2] are of the former 
type. In Section [12] non-schurian circulant S-rings of the latter type are 
presented. Finally, Theorem 111.31 and statement (1) of Theorem 111.41 imply 
the following result. 

Theorem 1.6 Any cyclic group of order p 3 q where p and q are primes, is a 
Schur group.u 

Concerning permutation groups we refer to [TT] and |12| . For the reader 
convenience we collect the basic facts on S-rings and Cayley schemes over 
an abelian group in Section |2j The theory of S-rings over a cyclic group 
developed by the authors in [21 [3j 0] is given in Section [U 

Notation. As usual by Z we denote the ring of integers. 

For a positive integer n we denote by Q(n) the total number of prime 
factors of n. 

The set of all equivalence relations on a set V is denoted by S(V). 

For X C V and E G S(V) we set X/E = X/E x where E x = X 2 n E. If 
the classes of Ex are singletons, we identify X/E with X. 
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For R C V 2 , X C V and E G S(V) we set 

= {(Y, Z) G (X/E) 2 : R Y , Z + 0} 

where i?y iZ — RD(Y x Z). 

The set of all bijections from V onto V is denoted by Bij(V, V). 

For 5 C Bij(V; V), X C V and X' C V 7 , £ G and E' G £(V 7 ) we 

set 

b x/e,x>/e> = {f x/E . feB)X f = X >, Ef = E'}, 

B X/E = B X/E,X/E 

where f x ^ E is the bijection from X/E onto X'/E' induced by /. 

The group of all permutations of V is denoted by Sym(V). 

The set of orbits of a group T < Sym(V) is denoted by Orb(r) = 
Oxb{T,V). 

The setwise stabilizer of a set U C V in the group T is denoted by r^}- 

For an equivalence relation E G £{V) we set Y E = C\ X ev/E ^i x }- 

We write r w V if groups T, V < Sym(V) are 2-equivalent, i.e. have the 

same orbits in the coordinatewise action on V 2 . 

The permutation group defined by the right multiplications of a group G 
on itself is denoted by G rig ht- 

The holomorph Hol(G) is identified with the permutation group on the 
set G generated by G rig ht and Aut(G). 

The natural epimorphism from G onto G/H is denoted by ttq/h- 

For sections S = L\/Lq and T = Ui/U of G we write S < T, if U < L 
and L\ < U\. 

2 Schemes and S-rings 

2.1 Schemes. As for the background on scheme theory presented here see [5] 
and references there. Let V be a finite set and 1Z a partition of V 2 . Denote 
by 1Z* the set of all unions of the elements of 1Z. 

A pair C = (V, 71) is called a coherent configuration or a scheme on V if 
the following conditions are satisfied: 
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• the diagonal of V 2 belongs to 1Z* , 

• 1Z is closed with respect to transposition, 

• given R,S,T G 71, the number \{v G V : (u,v) G -R, (f, w) G S*}] does 
not depend on the choice of (u, w) G T. 

The elements of V, 1Z = 11(C), 1Z* = 11* (C) and the number from the 
third condition, are called the points, the basis relations, the relations and 
the intersection number (associated with R, S, T) of C, respectively. The 
numbers |V| and \1Z\ are called the degree and rank of C. If the diagonal of 
V 2 belongs to 1Z, the scheme C is called homogeneous. 

Two schemes are called isomorphic if there exists a bijection between 
their point sets preserving the basis relations. Any such bijection is called an 
isomorphism of these schemes. The group of all isomorphisms of a scheme C 
contains a normal subgroup 

Aut(C) = {/ G Sym(y) : R f = R, R G 1Z} 

called the automorphism group of C. If V coincides with a group G and 
G right < Aut(C), then C is called a Cayley scheme over G. Such a scheme is 
normal if the group G 'right is normal in Aut(C). 

Given a permutation group T < Sjm(V) set Orb2(T) = Orb(T, V 2 ) where 
the latter is the set of orbits in the coordinatewise action of T on V 2 . Then 
the pair 

Inv(r) = (V,Orb 2 (r)) 

is a scheme; we call it the scheme of the group T. Any scheme of this type is 
called schurian. One can see that T < Aut(C) where C = Inv(T). 

Let C be a homogeneous scheme and 6(C) = 1Z*(C) H 6(V). Then given 
a class X of an equivalence relation belonging to 6(C) and E G 6(C), the 
pair C x /e = (X/E,1Z x /e) where 1Z x /e = {Rx/e ■ R e 11, R x /e ^ 0}, is a 
scheme on X/E. One can see that 

knt(C) x/E < AxA(C X /e). 

Moreover, if the scheme C is schurian, then the above two groups are 2- 
equivalent. When C is a Cayley scheme over a group G and V/E = G/L for 
a normal subgroup L in G, we set C x /l = 
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Schemes C and C are called similar if there exists a bijection ip : 1Z — > 1Z' 
called a similarity from C to C, such that the intersection number associated 
with R, S,T G 71 equals the intersection number associated with R v , S v , T v . 
The set of all isomorphisms from C to C inducing a similarity (p is denoted 
by lso(C,C',<f). Let C be a homogeneous scheme and £7 G £(£)• Then given 
X, X' eV/E there exists a uniquely determined bijection 

<^x,x' : 7^ -> ^Jf', #x H- (2) 

Moreover, this bijection defines a similarity from Cx to Cx>- 

2.2 Schur rings and Cayley schemes. Let G be a finite group. A sub- 
ring A of the group ring ZG is called a Schur ring (S-ring, for short) over G 
if it has a (uniquely determined) Z-basis consisting of the elements Yuxex ^ 
where X runs over the classes of a partition S = S (A) of G such that 

{1} eS, and X G S =$> X~ l G 5. 

Let A 1 be an S-ring over a group G'. A group isomorphism / : G — > G' is 
called a Cayley isomorphism from ^4 to ^4' if <S(y4)^ = S(A'). 

The elements of 5 and the number rk(^4) = |«S| are called respectively 
the basic sets and the rank of the S-ring A. Any union of basic sets is called 
an A-subset of G or A- set; the set of all of them is denoted by S*(A). It is 
easily seen that this set is closed with respect to taking inverse and product. 
Given X G S*(A) we set 

S(A) X = {Y e S(A) : Y CX}. 

The Z-submodule of A spanned by this set is denoted by Ax- If A' is an 
S-ring over G such that S*(A) C S*(A'), then we write A < A'. 

Any subgroup of the group G that is an ^4- set is called an A-subgroup 
of G or A-group; the set of all of them is denoted by Q{A). The S-ring A is 
called dense if every subgroup of G is an .4,-group, and primitive if the only 
^4-subgroups are 1 and G. 

If A\ and A2 are S-rings over groups G\ and G2 respectively, then the 
subring A = A% <g> A 2 of the ring ZG 1 <g> ZG 2 = ZG where G = G 1 x G 2 , is 
an S-ring over the group G with 

S{A) = {X 1 x X 2 : X a G <S(A), X 2 G 5(A)}- 

It is called the tensor product of Ai and ^4. 2 . The following statement was 
proved in [B]. 
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Lemma 2.1 Let A be an S-ring over the direct product G of groups G\ and 
G 2 such that G 1: G 2 G Q{A). Then m(X) G S(A) for all X G S(A) where 
7Tj is the projection of G on Gi, i = 1,2. In particular, A > Ag 1 ® Ag 2 - u 

Given a group G there is a 1-1 correspondence between the S-rings over G 
and the Cayley schemes over G that preserves the natural partial orders on 
these sets: any basis relation of the scheme C corresponding to an S-ring A 
is of the form 



It can be proved that given a group H < G we have H G Q{A) if and only 
if E H G £{C) where E H is the equivalence relation on G with 



The group Aut(^4) := Aut(C) is called the automorphism group of the S- 
ring A. An S-ring is schurian (resp. normal) if so is the corresponding 
Cayley scheme. 

3 Sections in groups and S-rings 

3.1 Sections of a group. Let G be a group. Denote by F(G) the set of 
all its sections, i.e. quotients of subgroups of G. A section U\/Uq is called a 
multiple of a section Li/L if 



Let us define an equivalence relation on the set FiG) as the transitive clo- 
sure of the relation "to be a multiple". The set of all equivalence classes 
is denoted by V(G). Any two elements of the same equivalence class are 
called projectively equivalent. Trivial G-sections, i.e. sections of order 1, are 
obviously projectively equivalent. 

Let S = Li/Lq and T = U\/Uq be projectively equivalent G-sections. 
If T is a multiple of S, then obviously the groups S = Li/Uq fl L\ and 
T = UqLi/Uq are isomorphic under the natural isomorphism 



{(g,xg) : geG, xeX} 



X G S(A). 



G/E H = {Hg: gE G}. 



L = U fl Li and U\ = UqLi. 



fs,T : S ->T, gL ^ g U . 



(3) 
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Generally, the sections S and T remain isomorphic and an isomorphism can 
be defined by a suitable composition of the above isomorphisms and their 
inverses. Any such isomorphism will be called a projective isomorphism from 
S onto T. 

Let T < Sym(G) be a group containing G r i g ht- A section U/L G J~{G) 
is called Y -invariant if Ejj and El are T-invariant equivalence relations. In 
this case we write Y V I L instead of Y u ^ El , and j u / L instead of j u ^ L , 7 G T. 
The following easy lemma is very useful. 

Lemma 3.1 Let G be a group andG r i g ht < T < Sym(G). Then given protec- 
tively equivalent V -invariant G-sections S and T , any projective isomorphism 
f : S —> T induces a permutation isomorphism from V s onto T T . Moreover, 

right) 'Eright 

and {^i s y = 7 T for all 7 G T leaving the point 1q fixed. 

Proof. Without loss of generality we can assume that T — Ux/Uq is a multiple 
of S = Li/Lq and / = fs,r where fs,r is defined in (JSJ). Then given a 
permutation 7 G F{Li} and g G L\ the block (gLo) 1 contains the element g 1 . 
It follows that {gLo) 1 = g^Lo, and hence by the definition of / we have 

(( 9 L yy = (g^L o y = g^U Q . 

Thus (r s )^ < T T and S£ ight = T right . Moreover, this also proves the state- 
ment for 7 leaving the point 1^ fixed. Conversely, let 7 G ^{Ux}- Then by 
the above it suffices to find 7' G ^{Ui} such that ( r y') T = 7 T and 7' G 
However, since the equivalence relation El 1 is T-invariant, we have L\ = L\g 
for some g G U\. Taking into account that U\ = L-JJq, we can assume that 
g G Uq. Set 7' = 771 where 71 is a permutation on G taking x to xg~ x . Then 

W = L 1; ( 7 ') T = 7 T 
Since obviously 7' G r^}, we are done.a 

3.2 Sections of an S-ring. Let A be an S-ring over a group G. Denote by 
J~{A) the set of all A-sections, i.e. those G-sections S = U/L for which both 
U and L are ^4-groups. Given such an ^4-section and a set A G S(A) u put 
As = itu/l(X). Then the Z- module 

A s = span{A s : A G 
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is an S-ring over the group S the basic sets of which are exactly the sets 
under the above span. We say that the section S is of rank 2 (resp. normal, 
primitive) if so is the S-ring As- 

Denote by V(A) the set of nonempty sets C fl J- {A) where C G V{G). 
Then V(A) forms a partition of the set J 7 (A) into classes of projectively 
equivalent .A-sections. It should be noted that if A' > A, then J- (A') D J 7 (A) 
and each class of projectively equivalent A-sections is contained in a unique 
class of projectively equivalent A'-sections. 

Theorem 3.2 Let A be an S-ring over a group G. Then given projectively 
equivalent A-sections S = Li/L and T = U\/Uq any projective isomorphism 
f : S T is a Cayley isomorphism from As onto At- Moreover, if T is a 
multiple of S, then 

(X s y = X T , XeS(A) Ll . 

Proof. Without loss of generality we can assume that T is a multiple of S, 
and Lq — 1, XJ\ = G. Then the projective isomorphism fs,r from ([3]) coincides 
with the bijection defined by formula (6) in jl] for V = G, E\ = El 1} X\ = L\ 
and E 2 = Ejj . Thus the required statement follows from statement (2) of 
Theorem 2.2 of that paper for C being the Cayley scheme associated with A\^ 

Obviously, any two sections of a class C G V(G) have the same order; 
we call it the order of C. If, in addition, C G V(A), then from Theorem 13.21 
it follows that all sections in C have the same rank r, and if C contains a 
primitive (resp. normal) section, then all sections in C are primitive (resp. 
normal). In these cases we say that the class C is a class of rank r, or a 
primitive (resp. normal) class. 

Corollary 3.3 Let A be an S-ring over a group G and C a class of projec- 
tively equivalent A-sections. Suppose that there exists a section S G C such 
that 

Aut(^) s < Hol(S). (4) 

Then this inclusion holds for all S G C . 

1 In fact, Theorem 2.2 was proved in 0] for a commutative scheme. However, state- 
ment (2) of it is true under a weaker assumption that the adjacency matrices of the 
equivalence relations E\ and E2 commute. The latter is true because LiU$ = UqLi. 
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Proof. Let T G C. Then by Lemma 13.11 for T = Aut(^4) there exists a 
permutation isomorphism of the group Aut(^4) 5 onto the group Aut(*4) T . 
This isomorphism takes S r i g ht to T rig ht, and hence Hol(S) to Hol(T). Thus 
Aut(^) T < Hol(7> 

3.3 The S-condition. Let A be an S-ring over a group G and S = U/L 
an ^4-section. Following [3] we say that A satisfies the S- condition, if L is 
normal in G and 

LX = XL = X, X e S(A) G \u- 

If, moreover, L ^ 1 and U ^ G, we say that A satisfies the S'-condition 
nontrivially. The following theorem is a specialization of [2] Theorem 3.1]. 

Theorem 3.4 Let S = U/L be a section of an abelian group G, and let A\ 
and A2 be S-rings over groups U and G/L respectively. Suppose that 

S e F{A X ) n J r (A 2 ) and (A 1 ) s = (A 2 ) s - 

Then there is a uniquely determined S-ring A over the group G that satisfies 
the S- condition and such that Au = Ai and Ag/l — A 2 m 

The S-ring A from Theorem 13.41 is called the generalized wreath product 
of S-rings A\ and A 2 \ we denote it by A\ Is A 2 and omit S and the word 
"generalized" when \S\ = 1. Thus an S-ring A over G satisfies the S'-condition 
if and only if A = Au Is -^g/l- We say that A is a nontrivial or proper 
generalized wreath product if it satisfies the S-condition nontrivially. 

4 S-rings over a cyclic group 

4.1 General theory. Let A be an S-ring over a cyclic group G. One can 
see that given X <Z G the set 

rad(X) = {g e G : gX = Xg = X} 

is an ^4-subgroup of G whenever X e S*(A). From the well-known Schur 
theorem on multipliers [TT1 Theorem 23.9] it follows that the group rad(X) 
does not depend on the choice of X G <S(A) such that X contains a generator 
of G. We call this group the radical of A and denote it by rad(^4). 
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Theorem 4.1 Let A be a circulant S-ring. Then 

(1) rad(.4.) ^ 1 if and only if A is a nontrivial generalized wreath product, 

(2) rad(*A) = 1 if and only if A is the tensor product of a normal S-ring 
with trivial radical and S-rings of rank 2. 

Proof. Follows from |3l Corollaries 5.5,6.4].« 

The S-rine A is called cyclotomiE if S{A) = Orb (if, G) for some group 
K < Aut(Cr); in this case we write A = Cyc(K, G). 

Theorem 4.2 Let A be a normal S-ring over a cyclic group G. Then 

(1) A is cyclotomic; in particular, A is dense and schurian, 

(2) |rad(.4)| = 1 or 2, 

(3) ifrad(A) ^ 1, then A = Au Iu/l Ag/l where \G/U\ — \L\ — 2 and Au 
and Ag/l ore normal S-rings with trivial radicals. 

Proof. Follows from (3j Theorems 6. 1,5. 7]. ■ 

Corollary 4.3 Any circulant S-ring with trivial radical is schurian. 

Proof. By statement (2) of Theorem 14. II it suffices to verify that any normal 
circular ring is schurian. However, this is true by statement (1) of Theo- 
rem |472Jb 

It is well known that 

Aut(G) = JjAut(G p ) (5) 

pev 

where V is the set of primes dividing \G\ and G p is the Sylow p-subgroup 
of G. Given p G V the group Aut(G p ) is a cyclic group of order (p — l)\G p \/p 
whenever p is odd. In this case it is easily seen that if X is a orbit of a group 
K < Aut(Gp) containing a generator of G p , then rad(A) ^ 1 if and only if 
p divides \K\. Thus the cyclotomic S-ring Cyc(A', G p ) has trivial radical if 
and only if \K\ is coprime to p. 

2 In [3] such an S-ring was called an orbit one. 
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Corollary 4.4 Let A be a normal S-ring over a cyclic p-group and S an A- 
section. Suppose that p is odd and \S\ > p 2 . Then the S-ring As is normal. 

Proof. Since p > 2, statements (1) and (2) of Theorem 14.21 imply that 
A = Cjc(K,G) where K < Aut(G), and rad(^4) = 1. In particular, p does 
not divide \K\. Therefore As = Cyc(K s , G) and rad(As) = 1 (because 
\K S \ is coprime to p). Since ik(As) > 2, this implies by statement (2) of 
Theorem 14. 1 1 that the S-ring As is normal. ■ 

4.2 Singularities. According to [4] we say that an ^4-section S is the small- 
est (respectively, greatest) if every section which is pojectively equivalent to S 
is a multiple of S (respectively, if S is a multiple of every section which is 
pojectively equivalent to S). The following result was proved in Lemma 5.2 
of that paper. 

Theorem 4.5 Let A be a circulant S-ring. Then any class of projectively 
equivalent A-sections contains the smallest and greatest elements.m 

A class of projectively equivalent ^.-sections of rank 2 is called singular 
if its order is more than 2 and it contains two sections S = L\/Lq and 
T = U\/Uq such that T is a multiple of S and the following two conditions 
are satisfied: 

(51) A = Au lUo/L Ag/L = Iu-l/Lx ■Ag/L 1 i 

(52) A Ul/Lo = A Ll/Lo <g> A Uo/Lo . 

Theorem 4.6 Let A be an S-ring over a cyclic group G. Then for any 
primitive class C G V(A) one of the following statements holds: 

(1) C is singular and Aut(A) s = Sym(S') for all S G C, 

(2) C is of prime order and Aut(^4) s < Hol(S) for all S G C. 

Proof. First, suppose that the class C contains a subnormal section S; by 
definition this means that S is (in the natural sense) a section of a normal 
^.-section. Then Aut(^4) 5 < Hol(S'). By Corollary 13.31 this implies that 
Aut(A) s ' < Hol(S') for all S' G C. Moreover, by statement (1) of Theo- 
rem 14.21 the S-ring over the above normal ^.-section is dense. Therefore the 
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S-ring As is dense. Since it is also primitive by the theorem hypothesis, the 
number l^l is prime. Thus in this case statement (2) holds. 

To complete the proof suppose that C contains no subnormal sections 
(subnormal flags in the sense of paper [4]). Then by Proposition 5.3 of that 
paper the Cayley scheme C associated with A has singularity of degree > 4 
in the pair (S, T) where S and T are the smallest and greatest sections of the 
class C. In our terms, this means that C is a singular class and \S\ = \T\ > 4. 
Then from U Lemma 4.3] it follows that Aut(C) 5 = Sym(S) for all S e cE 
Thus, since Aut(.A) = Aut(C), in this case statement (1) holds.H 

5 Generalized wreath product 

5.1 Definition. Let Eq and E\ be equivalence relations on a set V, and 

Eq C E\. Suppose we are given 

(a) a group A < Sym(V/£'o) such that the equivalence relation (Ei)v/e 
is Ao-invariant, 

(b) for each X G V/E\ a group Ax < Sym(X) such that the equivalence 
relation (Eq)x is Ax-invariant, 

(c) for each X, X' eV/Ei a bijection fx,X' : X —} X' taking Ax to Ax', 
and X/Eq to X'/Eq, such that 

(A x yx,x>fx>,x» = a x „, x, x', x" e vjEx. 

The condition in (c) implies that A x fx,x' = fx,x'^x' ='■ Ax,x'- Then 
Ax = Ax,x and fx,x> G Ax,x' for all X, X' . Thus the data from (b) and (c) 
can be restored from the sets Ax,x'- Moreover, instead of the families {Ax} 
from (b) and {fx,x'} from (c) we could equivalently be given 

(b-c) for each X, X' G V/E\ a nonempty set Ax,x' C Bij (X, X') taking 
{Eq)x to (Eo)x', such that 

Ax,x'Ax',x" = Ax,x", X, X ,X G V/E\. 

3 This result is a special case of statement (1) of Theorem 16.81 here. 
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Indeed, set Ax = Ax,x- Then from the above equality it follows that 
Ax Ax = Ax, whence by the finiteness of V we conclude that Ax is a 
group. Moreover, by the same equality we have Ax/ = Axx' = /Ax 7 f° r 
any / G A x ,x'- 

Set 

r = {7 G Aut(£ , E x ) : ~f V/Eo G A and 7 X G A x>Jf7 , X G 7/^} (6) 

where Aut(£ , , is the subgroup of Sym(V) leaving the relations E and E\ 
fixed. It is easily seen that T is a group; when E = Ex, it is permutationally 
isomorphic to the wreath product Ax I Ao in imprimitive action for any 
X G V/ Ei. It is also clear that 

T Eo = J] Ax, So (7) 
xev/E! 

where A x ,e = {A x )(Eo) x - 

Lemma 5.1 The equivalence relations E and E\ are V -invariant. More- 
over, if 

(A x ,x') X/Eo ' X ' /E ° = (A ) x / E °> x '/ E °, X, X' G V/E h (8) 

then T y l E ° = A , and T x ' x ' = Ax,x> f or a ^ X,X'. In particular, the group 
pv/fii ^ transitive. 

Proof. The first statement as well as the inclusions T V ^ E ° < A and T x,x ' C 
Ax,x' follow from the definition of the group T. To prove the converse 
inclusions let X G VjE\. We claim: given 5 G A and 5x G A Xo x' 
X' Q the class of E x for which X'/E Q = (X/E ) So , such that 

(Sx ) Xo/Eo = (5 ) Xo/Eo , (9) 

there exists a permutation 5 G T such that S x ° = §x and S v / E ° = S Q . Then 
Y v / E o > /\ Q because by ([8]) for any S G A there exists 5x G Ax ,x^ 
satisfying fl9]), whereas T x ' x ' D Ax,x' follows from the claim for Xq = X 
because due to (JS} for any 5x G Axx' there exists 5o G A satisfying (J5J). 

To prove the claim we observe that by ([5]) for each X G V/E\ other than 
Xo there exists 5x G Axx' sucn that 

(Sx) X/Eo = {^) X/Eo (10) 
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where X' is the class of E% such that X'/E = (X/E ) s °. Denote by S the 
permutation of V such that 5 X = 5x for all X G V/E\. Then due to Q) 
and ([TOD we have also 5 V ' E ° = 5 . Thus 5 G I\« 

Definition 5.2 VF/ien (0) zs satisfied, the group T defined by (TJ|) is ca//erf 
i/ie generalized wreath product of the family {Ax,x'} by the group A ; it will 
be denoted by {A x ,x'} I A . 

From the arguments in the beginning of the section it follows that the 
family {Ax,x r } is uniquely determined by the group Ax for a fixed X G V/Ei 
and the family of bijections f x ,x' '■ X — > X', X' G V/E\. Therefore we also 
can say that the group Y is the generalized wreath product of the groups Ax 
and A with respect to the above family of bijections. 

5.2 Canonical generalized wreath product. An important special case 
arises when V = G is a group, the classes of E and E\ are the left cosets 
modulo a normal subgroup L of G and modulo a subgroup U of G that con- 
tains L respectively. Suppose that we are also given groups A < Sym(G/L) 
and Ajj < Sym([/) such that 

{G/L) right < A , U right < A v , (Au) s = (A ) s (11) 

where S = U/L. Given X, X' G V/E 1 set 

A X ,X' = (G r ight) X ' U Ajj (G r ight) U ' X ■ (12) 

Then Ax,x' 3 (G r i g ht) x,x ' and all conditions in (a) and (b-c) are satisfied: 
the equivalence relation (Ei)v/e is A - invariant, A x ,x' takes (E ) x to (E ) x > 
and the equality from (b-c) holds. Moreover, from ( II ip it follows that 

(Ax,x') X/Eo ' X ' /Eo = 
(G nght f/ E ^ {Aufl L {G Hght f^ x '^ = 
{{G/L) right ) x ' E °VI E ° (A f/ L ((G/ L) right ) u/Eo ' x ' /Eo = 
(A ) x/Eo ' x ' /Eo . 

Therefore condition of Lemma 15.11 is satisfied and we can form the gen- 
eralized wreath product T = {Ax,x r } I A . 

Definition 5.3 The group T is called the canonical generalized wreath prod- 
uct of the group A v by the group A (over G); it is denoted by A v Is A . 

It is easily seen that any canonical generalized wreath product over G 
contains G rig ht- 
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5.3 Automorphism groups. Let C = (V, 1Z) be a homogeneous scheme 
and E ,Ei E £{C) such that E C Suppose that = X x F for all 

ReTZ contained in V 2 \Ei and all X, Y G V/E with R X y ^ 0- Then we say 
that the scheme C satisfies the Ei/ Eq- condition (this definition is obviously 
equivalent to the definition given in [1]). 

Theorem 5.4 Let C be a homogeneous scheme on V and f G Sym(V). 
Suppose that the C satisfies the E\j E - condition. Then f G Aut(C) if and 
only if 

f v ' Eo G Aut(C v /E ) and f x G lso(C x , C x >, <Px,x>), x e V/E u 

where X' = X* and (p XjX ' is the similarity defined in (|2J) . 

Proof. The family {f x } together with the permutation f y / E ° form an ad- 
missible Ei/ EQ-pair which is compatible with C in the sense of [I]. Thus the 
required statement is a consequence of Theorem 2.5 of that papers 

Corollary 5.5 Let C be a homogeneous scheme on V satisfying the Ei/E - 
condition. Suppose that the group T = Aut(C) is transitive on V/E\ (this is 
always true when C is a Cayley scheme). Then V = {T x ' x '} I T y / E ° . 

Proof. Set A = T v / E ° and A x ,x> = T x ' x ' for all X,X' G V/Ei. Then 
obviously the condition from (a) as well as the condition flE]) from Lemma I5TT1 
are satisfied. Moreover, from the transitivity of T on V/E\ it follows that 
the condition from (b-c) is also satisfied. Thus we can form the generalized 
wreath product V = {A x ,x'} I A . Clearly, T' > T. The converse inclusion 
follows from Theorem 15.41 b 

Let us consider an example of the situation from Corollary 15.51 Let 
C = (V,1Z) be a homogeneous scheme satisfying the i?i/i?o-condition. Set 

A = Aut(C v/Eo ), &x,x> =lao(Cx,C x >,<Px*'), X,X' eV/E v 

In general, we cannot form the generalized wreath product {Ax,x>} I A 
because the condition from (b-c) or equality ([8]) is not necessarily true. Now 
suppose that the scheme Cv/e and all schemes Cx with X G V/Ei are 
regular (i.e. schemes of regular permutation groups). Then both of these 
conditions follow from the fact that any similarity from regular scheme to 
another scheme is induced by an isomorphism. Thus in this case the above 
generalized wreath product can be constructed. But then 

Aut(C) = {A x ,x>}l A 

by Theorem I5.4I 
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5.4 Schurity and non-schurity of S-rings. In the rest of the section we 
are going to get a necessary and sufficient condition for an S-ring over an 
abelian group that is a generalized wreath product, to be schurian. This 
condition as well as a criterion for non-schurity will be deduced from the 
following result. 

Theorem 5.6 Let C be a homogeneous scheme on V satisfying the Ei/E - 
condition, and F = {Ax,x>}l Aq a generalized wreath product such that Aq < 
Aut(Cv/E ) and Ax,x' C lso(Cx,Cx',<fx,x') f or all X,X' G V/E\. Suppose 
that 

Oxh{A x ,E ) = X/Eq, X E V/E 1 . (13) 

Then C = Inv(T) if and only if Cv/e = I n v(A ) and Cx = Inv(Ax) for all 
X e V/E x . 

Proof. The necessity follows from Lemma loTTl because lmr(T) v l E ° = lnv(T v ^ E °) 
and Inv(r) x = Inv(r x ) for all X G VjE\. To prove the sufficiency we check 
that each relation R G TZ{C) is an orbit of the group T. We note that since 
T y / E ° = A (Lemma l5.ip and Cv/e q = inv (Ao), the group T y / E ° acts transi- 
tively on Ry/Eo- O n the other hand, since A x ,x' C lso(Cx, Cx>, fx,x') an d 
the scheme C satisfies the E 1 /E -coiaditioia, the group T acts on the non- 
empty sets Rx,X'i X,X' e V/E\. Thus Y acts on R. To prove that this 
action is transitive, first suppose that Rc E\. Then R is a disjoint union of 
Rx, X G VjE\. Since the group T y l El is transitive (Lemma 15. ip . it suffices 
to verify that the group Y x acts transitively on each R x . However, this is 
true because T x = A x (Lemma 15.11) and Cx = Inv(Ax). 

Now let RcV 2 \E 1 . Then given Y, Y' G V/E we have either R Y , Y > = 
or Ry,y> = Y x Y'. So it suffices to verify that in the latter case the group 
rY,y = PI r^y/} acts transitively on Ry,y'- However, by (j7]) we have 

Ax,£ x Ax',b x {idy\(xux')} < T Eo < T y ,y' 

where X and X' are the classes of the equivalence relation E% containing Y 
and Y' respectively. Thus the required statement follows from (JT3J) -■ 

Corollary 5.7 Let A be an S-ring over an abelian group G. Suppose that 
A = AjjIsAg/l for some A- section S = U/L. Then A is schurian if and only 
if so are the S-rings Ag/l and Au and there exist groups A < Sym(G/L) 
and Au < Sym(C/) satisfying (iTTj) and such that 

A w Aut(A G /L) and A v w Aut(Au). (14) 



19 



Moreover, in this case Aut(A.) ~ Au l s A . 

Proof. It is easily seen that the S-ring A satisfies the U / L-condition if and 
only if the Cayley scheme C associated with A satisfies the E\/Eq- condition 
where E = El and Ei = Ejj. Thus the necessity follows from Corollary 15.51 
with A = Aut(A) G/L and = Aut{A) u . 

To prove the sufficiency suppose we are given groups A < Sym(G/L) 
and Au < Sym(C7) satisfying §U]) and flU}. Set r = Au Is A (as in 
the Subsection 15 .2 j) and verify that the hypothesis of Theorem 15.61 is sat- 
isfied. Indeed, the inclusion A < Aut (Cq/l) is clear whereas the inclusion 
A x ,x' C lso(C x ,Cx',<fx,x') where X,X' G V/E x , is true due to §F2$) be- 
cause (G rig ht) Y,¥ C lso(Cy, Cy>, fY,Y') f° r ah Y,Y' G V j E\. Moreover, from 
the definition of A x ,x' it follows that A x = {AjjY where / G (G rig ht) u ' x ■ 
Therefore by the second inclusion of ffTTj) this implies that 

Orb(A x , £o ) = Orb((A^ /) = Orb(Au, Eo ) f = (U/L)' = X/E . 

So condition f lT3|) of Theorem 15.61 is also satisfied. Thus by this theorem we 
conclude that C = Inv(T) whence it follows that the S-ring A is schurian.* 

The following statement gives a criterion for the non-schurity of an S-ring 
over an abelian group. 

Corollary 5.8 Let A be an S-ring over an abelian group G. Suppose that 
A = Au Is Ag/l f or some A-section S = U/L. Then the S-ring A is non- 
schurian whenever 

Aut(Au) s n Aut(^l G/L ) 5 ^ Aut (.A s ). (15) 

Proof. Suppose on the contrary that the S-ring A is schurian. Then by 
Corollary 15.71 the S-rings Ag/l and Au are schurian and there exist groups 
A < Sym(G/L) and Au < Sym(C7) satisfying conditions (TTTj) and (JHJ). 
Therefore (A ) 5 < Aut(A 5 ), (Au) s < Aut(A 5 ) and 

(A ) s ^ Aut(A G/L ) S ~ Aut(As). 

Thus the intersection in the left-hand side of f|T5|) contains the subgroup 
{Au) s = {A ) s which is 2-equivalent to the group Aut(A-s). Contradictions 
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6 Isolated classes 



6.1 Isolated pairs. Let S = L\/Lq and T = U\/Uq be nontrivial sections 
of an S-ring A over an abelian group G. 

Definition 6.1 We say that S and T form an isolated pair in A if T is a 
multiple of S and conditions (SI) and (S2) are satisfied. 

It immediately follows from the definition that Uq, Ui\Uq and G\U\ are 
.4-subsets of G. Moreover, the set S = S(A) is uniquely determined by the 
sets S Uo = S(A Uo ), S Ll/Lo = S(A Li /l ) and S G/Ll = S(A G/Ll ) as follows: 

S = S Uo U {^{S^/l^l^Suc U (7rf 1 (5 G/Ll )) G \ l/l , (16) 

where 7r = ttli/Lq and 7Ti = ttq/L! are the natural epimorphisms. More- 
over, the three sets on the right-hand side are pairwise disjoint and equal to 
S(A) Uo , SiAJmxua and 5(^4) G \ l/l respectively 

Obviously, the v4-sections forming an isolated pair are projectively equiva- 
lent. The projective equivalence class containing them will be called isolated; 
we also say that it contains the pair. 

Lemma 6.2 Let A be a circulant S-ring. Then any isolated class C G V(A) 
contains exactly one isolated pair. This pair consists of the smallest and the 
largest elements of C . 

Proof. By Theorem 14.51 there exist the smallest and greatest sections Li/Lq 
and Ui/Uq in the class C. Clearly vr(Li) and vr(f/ ) are ^((/^-subgroups 
where n = ttui/l - Moreover, since Ui/Uq is a multiple of L\/Lq we also have 

7r(tfi) = tt(£i) x 7t(C/ ). (17) 

Let L[/L' and U' 1 /U' Q be sections in C forming an isolated pair in A. Then 
it suffices to verify that U[ = U\ and L' Q = L (then obviously Uq = U and 
L[ = Li). To do this we observe that by the definition of the smallest and 
largest sections we have 

Li < L[ <U[<U! and L < L' Q < % < U Q . (18) 
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Suppose first that U[ ^ U\. Then there exists X E S(A)u 1 \u'- From the 
second equality of (SI) with Ui = U[ and L\ = L[ it follows that L[X = X, 
and hence due to left-hand side of (j!8p also L\X = X. This implies that 

rr(L 1 )n(X)=7T(X). (19) 

On the other hand, due to ffTTl) Lemma I2TT1 implies that pr n , L Jir(X)) is a 
basic set of the S-ring A^^Li)- However, by f[T9l this set coincides with 7r(Li), 
which is impossible because 7r(Li) = L\j L ^ {1}. Thus U[ = U\. 

To complete the proof suppose that L ^ L' Q . Then there exists a set 
X' E S(A) L > o \ Lo . By ([TH]) we have X' C C/ and hence vr(X') C n(U ). 
Due to ffTTj) and the inequality Li 7^ L , the full 7r-preimage of vr(X') does 
not coincide with X'. Therefore one can find (in this preimage) a basic set 
X E S(A)u 1 \u such that pr 7r( - l/o - ) (7r(X)) = ir(X'). On the other hand, from 
the first equality of (SI) with Uq = U' Q and L = L' Q it follows that L' Q X = X. 
This implies that vt(Lq) = pr 7r ( [7o - ) (7r(X)) = ir(X') is a basic set of the S-ring 
A (Uq)- However, this is impossible because vr(X') ^ {1}. Thus L' = L .m 

Below for an S-ring A over a cyclic group the smallest and the largest el- 
ements of a class C E V(A) the existence of which follows from Theorem 14. 5[ 
are denoted by S min (C) = L X (C)/L (C) and S max (C) = U X (C)/U Q {C) re- 
spectively. 

Corollary 6.3 Let C E V(A) be a primitive isolated class of a circulant 
S-ring A. Suppose that an A-section S = U/L has no subsection from this 
class. Then either L > L\ or U <Uq where L\ = L\{C) and Uo = Uq(C). 

Proof. By Lemma [6T21 the sections S min = Li/L and S max = U\/Uq where 
L = L (C) and U\ = Ux(C), form an isolated pair in A. Suppose that the 
section S is such that L ^ L\ and U $j£ Uq. Then 

U>Lx and L < U . (20) 

Indeed, since the S-ring A satisfies the U\jL\- condition, it follows that either 
U > L 1, or U <U\. In the latter case the right-hand side of (120]) is obvious, 
whereas the left one follows from the assumption U $j£ Uq, the primitivity 
of C and the equality L\ D U — L . The former case is proved in a similar 
way. 
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Now from the left-hand side of (I20p it follows that 

S = U/L >UH UJLL0 > LLx/LLq. 

Besides, the latter section is projectively equivalent to S min because by the 
right-hand side of (|2T)j) we have L 1 D LL = L , and L\ LL = LL\. Thus S 
has a subsection from C. Contradictions 

6.2 Extension construction. Let A be an S-ring over a cyclic group G 
and C G V(A) an isolated class. Then by definition 16. II and Lemma [6.21 the 
S-ring A satisfies the £/j/Lj-condition where [/, = Ui(C) and Li = Lj(C), 
i = 0, 1, and = A Li /l ® -4i/ /l - 

Suppose we are additionally given an S-ring i3 over the group S = Li/L , 
such that B > As- Then by Theorem 13.41 there are uniquely determined 
S-rings 

Ai = Au luo/L {B ® ^c/o/Lo) and A 2 = {B® A Uo/Lo ) l Ul/Ll A G/Ll (21) 

over the groups U\ and G/Lq respectively. Obviously, the restrictions of these 
S-rings to U\/Lq coincide with B <g> ^4.^ /l . Therefore by Theorem 13.41 there 
is a uniquely determined S-ring 

Ext c (A,B) = A 1 l Ul/Lo A 2 (22) 

over the group G. 

Definition 6.4 The S-ring Extc(^4, B) is called the extension of the S-ring A 
by means of the S-ring B with isolated class C . 

The following statement is straightforward. 

Lemma 6.5 In the above notation set A' = Extc{A,B). Then 

(1) A' > A; moreover, A = A' if and only if B = As, 

(2) A' satisfies the Uq/Lq- and U\j L\- conditions, 

(3) A' Uo = A Uo , A G \ Ll = A G \ Ll and A' Vl / Lo = B <g> A Uq / Lq .* 

From statements (2) and (3) of Lemma [631 it follows that the ^.'-sections 
S m in(C) and S max (C) form an isolated pair in the S-ring A'. Therefore by 
Lemma [6.21 we obtain the following statement. 
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Theorem 6.6 Let C G V(A) be an isolated class of a circulant S-ring A 
and A' = Extc(A, B) for some B as above. Then the class C G V(A') 
containing S = S m i n {C) and T = S max {C), is isolated and S m i n {C') = S, 

S ma x{C') = T M 

The following statement gives a necessary and sufficient condition for the 
schurity of extension ( 1221) . 

Theorem 6.7 Let C G V(A) be an isolated class of a schurian circulant 
S-ring A. Suppose that the S-rings As and B are schurian. Then the S-ring 
A' = Extc(^4, B) is schurian if and only if the S-ring A is schurian. 

Proof. Suppose first that the S-ring A is schurian. Then the S-ring Au is 
schurian, and due to the schurity of B also the S-ring B®Au /l - Therefore by 
Corollary 15.71 applied to the S-ring A\ defined in (|2"Tj) and the groups U = U , 
A = Aut(fi) x Aut(A) Uo/L °, A v = Aut(A) Uo , this S-ring is schurian and 

Aut(Ai) Ul/Lo = Aut(£) x Aut{A) Uo/Lo . (23) 

Similarly, the S-ring A2 defined in f l2~l|) is schurian and 

A\xt(A 2 ) Ul/L ° = Aut(B) x Aut{A) Uo/Lo . (24) 

Thus, the S-ring A' is the generalized wreath product of two schurian S- 
rings Ax and A 2 (see 022) )■ Thus by ([23]) and flU} Corollary EH with 
A = Aut(^.2) and = Aut(^4i) implies that A' is schurian. The con- 
verse statement is proved analogously with taking into account equalities 
from statement (3) of Lemma 16. 51 b 

6.3 Automorphisms. Let S = L\/Lq and T = U\/Uo be sections of the 
group G such that T is a multiple of S. For a transitive group M < Sym(S') 
and cosets X, X' G T set 

A = M x {id Uo/Lo } and A XtX , = (((C/i) Hff w) e Li ) X,X ' ■ (25) 

Then obviously the equivalence relation (Ei)u 1 /e where E\ = Eu and E = 
El , is Ao-invariant. Moreover, all conditions in (a) and (b-c) on page [151 are 
satisfied for V = U\. Finally, given X, X' G U1/E1 there exist a, a' G L\ such 
that X = aU and X' = a'U (we note that a and a' are uniquely determined 



24 



modulo Lq). Then from the transitivity of M and the definition of A it 
follows that 

where j aia i is the bijection from X/Eq onto X'/Eq taking oxLq to o'xLq, 
x G Uq. Thus condition (JS} of Lemma 15.11 is also satisfied and one can 
consider the generalized wreath product {A x ,x'} I A . 

Denote by Gwr(5', T, M) the subgroup A of the pointwise stabilizer of the 
set G\Ui in the group Sym(G) such that 

A^ = {A^/}?A . (26) 

It is easily seen that given a group H < G such that (L\ fl L H)/L is a 
block of M we have 

Gwr(S, T,M) n{G) = Gwr(7r(5),7r(T),M" (5) ) 

where 7r = t^g/h- 

When A is a circulant S-ring, C G V(A) and S* = S m i n (C), T = S max (C), 
we set Gwr v 4(C, M) = Gwr(5', T, M). The first statement of the following 
theorem generalizes [H Lemma 4.3]. 

Theorem 6.8 Let A be a circulant S-ring, C G V(A) an isolated class, and 
A = Gwr^(C, M) where M = Aut(A s ) with S = S min (C). Then 

(1) A < Aut(A) , 

(2) A 5 ' = Aut(^ 5 ') for all S' G C, 

(3) A 5 ' < (S') rig ht whenever C is primitive and a section S' G ^(^4) \ C is 
either primitive, or of order coprime to \S\. 

Proof. Let / G A. Then f G/Ul = id G / Vl and f x = id x for all cosets 
X G G/U\ other than U\ (we keep the notations as in Subsection 16. ip . 
Since A satisfies the f/i/Li-condition, by Theorem 15.41 with C being the 
Cayley scheme associated with A, it suffices to verify that g := f Ul is an 
automorphism of the S-ring Au 1 ■ However, from the definition of the group A 
it follows that 

g x G ((U^rigM)^' C teo{C x ,Cx',<Px,x>) 
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for all X G Ux/Uq where X' = X 9 , and 

g u ^ L ° G A = M x id^/ip < Aut(C c/l/Lo ) 

because Aui/l q — A^/Lq ®Au /l - Since the S-ring .4.^ satisfies the U /L - 
condition, we obtain by Theorem 15.41 that g G Aut(^4;y 1 ). 

To prove statement (2) let S' G C. Denote by A' the subgroup of Sym(L r i) 
generated by A Ul and (Ui) r i g ht- By statement (1) we have 

A' < Aut{A) Ul . (27) 

So (A') 5 ' < Aut(*4) 5 '. Moreover, by Lemma [3J] the groups (A') 5 ' and 
(A') are isomorphic. On the other hand, since (Ui) r i g ht normalizes A Ul and 
A s > S right , we have (A') 5 = A s = Aut(^). Thus (A') 5 ' = Aut(A') by 
Theorem 13.21 

To prove statement (3) let S' = U'/L' is either a primitive section not 
in C, or a section of order coprime to \S\. Then obviously this section has no 
subsection from C. So by Corollary 16.31 with S = S' we have either V > L\ 
or U' < Uq. To complete the proof it suffices to note that in the former case 
A s ' = ids' whereas in the latter case A 3 ' = (S') right 

7 Extension of a singular S-ring 

Any singular class defined in Subsection 14.21 is obviously isolated. The fol- 
lowing result shows how the set P sg i(A) of all singular classes in the S-ring A 
varies when passing to a special case of extension fl22|) . 

Theorem 7.1 Let A be a circulant S-ring, C G V sg i(A) a singular class of 
prime order and A = Extc(v4, ZS) where S = S m i n {C). Then 

(1) g(A) = G{A); m particular, F(A) = T(A) and V{A) = V(A), 

(2) V sgl (A) = V sgl (A)\{C}. 

Proof. We keep the notations as in Subsection 16.11 To prove statement (1) 
it suffices to verify that any ^.'-subgroup H belongs to Q(A). However, if 
H <£_ U\ , then H is generated by an element in G\ U\ . Denote by X the basic 
set of A H containing this element. Then H = (X). On the other hand, X G 
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S(A) by statements (2) and (3) of LemmaEB Thus H e Q{A). Let H C U x . 
By statement (3) of the same lemma we have Q(Au ) = G(A' Uo ). So we can 
assume that H <f_ Uq. Then H contains a set from S(A')u 1 \u - Since by 
statement (2) of the same lemma the S-ring A' satisfies the f/o/^o-condition, 
the group generated by this set, and hence the group H, contains L . Taking 
into account that H (jL U and the fact that the group n(Ui) with ir = ttg/l 
is the direct product of the group Lx/Lq of prime order and the group 7i(Uo), 
we conclude that H = L\H' where H' is the full 7r-preimage of the group 
tt(H) fl tt(Uo). Since L\ and H' are ^.-subgroups, we are done. 

To prove statement (2) we observe that since the order of C is at least 3, 
then rk(A' s ) > 2. Therefore the class C is not singular in A'. For the rest of 
the proof we need the following auxiliary lemma. Below we set p = \S\. 

Lemma 7.2 Let X e S(A) and X' e S(A') be such that X' C X. Then 
rad(X) = rad(X'). Moreover, if X C XJ\ \ U , then 

X = |J (X'Y and \X\ = (p - 1)\X'\ (28) 

where T p is the subgroup of Aut(G) of order p — 1 that acts trivially on each 
Sylow q-subgroup of G, p. 

Proof. If X C Uq or X C G \ Ux, then the required statement immediately 
follows from statement (3) of Lemma [6. 5 1 Suppose that X C Ux \ U$. Then 
by (|T6|) there exists Y G S(A)u and x' G L*x \ L such that 

X = (Lx \ L )Y, X' = (x'L )Y. (29) 

Since Y C Uq and Uq fl L\ = L , we have 

rad(X) = rad(L! \ L ) rad(F) = L rad(F). 

On the other hand, obviously rad(X') = L rad(y). Thus, rad(X) = rad(X'). 
Since n(Ui) = ti(Li) x tt(U ) where tc = tt g / Lo , the group T p leaves the set 
L Y fixed. Therefore ([283 follows from (1291 .■ 

Let us prove that any class C ^ C belonging to the set V(A) = V(A') is 
singular in A and A' simultaneously. Set 

Li = Li(C) and U^U^C), i = 0, 1 
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(see Subsection 16. ip . Then by Theorem 16.21 it suffices to verify that condi- 
tions (SI) and (S2) for Li = Li and Ui = U are satisfied for A and A' simulta- 
neously, and that rk(^4^J = 2 if and only if rk(A' H ) = 2 where Hi = L\/Lq 
and if 2 = Uq/Lq. However, from the first statement of Lemma 17.21 it fol- 
lows that the S- rings A and A' satisfy the t/o/L -condition (or the U\jL\- 
condition) simultaneously. Thus it suffices to verify that 



A H = A Hl <g> A H2 , rk(A Hl ) =2 & A' H = A' Hl <g> A' H2 , rk(A' Hl ) = 2 



where H = U\/Lq. To do this we note that H = Hi x i? 2 and Hi is a A H - 
and .A^-subgroups. By Lemma I2TT1 this implies that given X e S(A) (resp. 
X' e S(A')) the set Xj = pr H . n(X) (resp. X[ = pi Hi n(X')) is an ^4-group 
(resp. ^I'-group) for i = 0, 1, where 7r = tt^/^. Thus the required statement 
is a consequence of the following lemma. 

Lemma 7.3 Suppose that rk(^4^) = 2. TTien gwen X £ 5(^4) and X' G 
<S(^4.') suc/i £/iai X' C X C t/i, we /iave 



where X = vr(X) and X' = tt(X'). Moreover, in any case X l = X[. 

Proof. Without loss of generality we can assume that X ^ X'. Then obvi- 
ously X 7^ X'. Therefore X C Z7i \ £/q by statement (3) of Lemma [631 Due 
to ([29]) this implies that L 1 C (X) c Z7i. We claim that 



Suppose on the contrary that this is not true. Denote by Mj (resp. Xj) 
the ifi-projection (resp. the ^-projection) of the group Tr(Li), i = 0,1. 
Then 5r(Li) = Mj x Xj. Moreover, taking into account that 7r(Lj) is an 
*4-group, we conclude by Lemma 12.11 that Mj and Xj are ^4-groups. Since 
also rk(^4^) = 2, the group Mj is either 1 or Hi, and either Mi = M or 
Ni = Nq. In addition, our supposition implies that Mi = 

Next, the S-ring A satisfies the ?7 /-^o- con dition and rk(^4. il / Lo ) = 2. 
Therefore L\ \ Lq e 5(^4), and hence the set Z = H(L\ \ Lq) is a basic one. 
Besides, 



X = Xi x X 2 X' = X[ x X 2 



(30) 



5r(ii) C if 2 . 



(31) 




tt(£i), if7r(L!) = 

7r(Li) \ 7r(L ), otherwise. 



(32) 
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(Indeed, in the first case this is true because the group tt(Li) is the union 
of the sets 7r(xL ) = tt (x)tt (L ), x G Li; in the second case the basic set Z 
obviously contains the ^4,-set tt{Li) \tt(Lo) and hence coincides with it.) Now, 
the equality Z = tv(Li) is impossible because otherwise the set Hi = pr Hi (Z) 
is a basic one which is possible only if Hi — 1. Thus by fl3"2"l) we have 

Z = 7f(Li)\7r(L ) 

and so either pr Hi (Z) = Hi or pi H2 (Z) = N\. As before the former case 

is impossible because Z is a basic set, and the latter case is possible only if 
Ni = 1. Thus 

7r(L ) = 1 and 7r(Li) = Hi. 

It follows that Li = LiLq and Lq > Lq. Therefore Lq < Li DLq < L\. Since 
rk( v 4 il / io ) = 2 is prime, this implies that L = Li fl L . Thus the section 
Li/Lq $ C is a multiple of the section Li/L G C. Contradiction. Thus 
claim (|3T!) is proved. 

Let us complete the proof of (!30|) . First, since X C Ui\Uo (see above), 
from pi it follows that X = tt(Li \ L )Y and X' = v^L^Y where F = 
7r(y). Due to f[3T|) this implies that 

X x = X( = ^ (33) 

where Yy = pr Hi Y. Next, taking into account that the radicals of the sets X 
and X' contains the group 7r(Lo)> without loss of generality we can assume 
that this group is trivial. Therefore by Lemma [7.21 we have 

X 2 = |J n(x'y%, X' 2 = n(x')Y 2 . (34) 
o-eTp 

If 7r(Li) = 1, then X 2 = X' 2 = Y 2 and the required statement immediately 
follows from fl33l . Suppose that the group tt(Li) is nontrivial. Then it is an 
^4-group of order p and the set Tt{L\) \ {1} is an orbit of the group T p that 
contains the element tt(x'). Moreover, by condition (S2) we have tt{L\)(Y) = 
7r(Li) x (Y). Therefore the union in (I34p is a disjoint one. Thus to complete 
the proof of equivalence f[3"Uj) it suffices to see that due to equalities f l3"3"|) 
and (I34p both X = X\ x X 2 and X' = X[ x are equivalent to the equality 
Y = YiX %m 
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8 Resolving singularities 



Let A be a circulant S-ring, C G V sg i(A) a singular class and S = S m i n (C). 
Set 

^ /^y\ I Gwr_4(C, Sym(S')), if C is of composite order, 
Gwr_4(C) = < (35) 
I Gwr_4(C, Hol(o)), otherwise 

(see Subsection 16.31) . Statement (1) of Theorem 18.11 below implies that this 
group is contained in Aut(^4). 

Theorem 8.1 Let A be a schurian S-ring over a cyclic group G. Then the 
group Aut(„4) contains a 2-equivalent subgroup F > G r i g ht such that for any 
C G V sg i(A) the following statements hold: 

(1) Gwr^C) < r, 

(2) for any S G C we have V s = Hol(S') if \S\ is prime, and V s = Sym(S') 
otherwise. 

Proof. Induction on the number m = m(A) of singular classes of prime 
order. If m = 0, then we are done with T = Aut(^4). Indeed, statement (1) 
immediately follows from statement (1) of Theorem 16.81 because in this case 
rk(As) = 2 and hence Aut(As) = Sym(S') where S = S m i n (C). But then 
statement (2) is a consequence of statement (1) of Theorem 14.61 

Suppose m > and C is a singular class of A of prime order. Set 

A' = Ext c (A,ZS) (36) 

where S = S min (C). Then m(A') = m(A) — 1 by statement (2) of Theo- 
rem 17.11 So by the induction hypothesis applied to the S-ring A' the group 
Aut(^4') is 2-equivalent to a group V > G rig ht such that for any C' G V sg i(A') 
statements (1) and (2) hold with A and C replaced by A' and C' respectively. 
Set 

r = (r, a) (37) 

where A = Gwr_4(C) is the group defined in fl35l) . Obviously G r i g ht < T. 
To complete the proof it suffices to verify that Aut(*4) is 2-equivalent to V 
and statements (1) and (2) hold. Below we set Lj = Lj(C) and Ui = Ui(C), 
t = 0A. 
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To prove that Aut(y4) is 2-equivalent to V it suffices to verify that the 
group T u with u = lc, acts transitively on each set X G S(A). However, 
the S-ring A' is schurian by Theorem 16.71 Therefore by statement (3) of 
Lemma 16.51 the transitivity holds when X C Uq or X C G \ U\ because in 
this case X G S(A') and hence X G Orb(r^). Suppose that X C U\ \ U . 
Since rk(^4 5 ) = 2 and A' s = Z£, statements (2) and (3) of Lemma I6"31 imply 
that there exists a set Y G S(A)u such that 

X = (L 1 \L Q )Y = \JxL Y 

where x runs over the representatives of L -cosets in L\ other than L . More- 
over, the set xLqY is basic in A' for all x. Therefore the group Y' u acts 
transitively on each of them. On the other hand, the group A u acts on S 
as Hol(S') n = Aut(S'), and hence is transitive on the set S \ {1}. Thus the 
group T u acts transitively on X and we are done. 

To prove statements (1) and (2) let C G V sg i(A). If C = C, then state- 
ment (1) follows because Gwr^(C) = A < T. Otherwise, by statement (2) of 
Theorem 17.11 we have C G V sg i(A'). However for the group V statement (1) 
holds and hence Gwr^C) < T'. Since Gwr_4/(C) = Gwr_4(C) and V < T, 
statement (1) is proved. 

Turn to statement (2). First suppose that the class C is of composite 
order. Then C / C. By Theorem 17.11 this implies that C G V sg i{A'). Since 
for the group V statement (2) holds, for any section S G C we have 

and we are done. Now suppose that the class C is of prime order. Since 
by the induction hypothesis the groups V and Aut(^4') are 2-equivalent, so 
are the groups {T') s and Aut(^4') s where S G C. On the other hand, by 
the definition of A' and Theorem 13.21 the latter group coincides with S rig ht 
when C = C. Thus taking into account that for V statement (2) holds, we 
conclude that _ 

(Tf = [ Sri9ht Z if ? = C ' (38) 
v ; \Hol(^), if C^C. y J 

From now on without loss of generality we assume that S = Ui/U Q and 
Uq = {Ig} where Ui = U (C), i = 1,2: the former due to Lemma I3TT1 
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whereas the latter because the natural epimorphism T — >■ r G//C7 ° induces an 
isomorphism from V s onto (r G / c/ °) s '. Then 5 = U\ is a cyclic group of prime 
order and C = {S}. 

To formulate the following auxiliary lemma we need one more notation. 
It is easily seen that given a t/i-coset X the group Holf^i) 7 < Sym(X) does 
not depend on the choice of 7 G (G r i g ht) Ul ' x ■ We denote this group by X(X). 
Clearly, K{U 1 ) = Hol(Lq). 

Lemma 8.2 Let K < Sym(G) be the intransitive direct product of the groups 
K(X) < Sym(X) where X runs over the set GjU\. Then the group A 
normalizes K . 

Proof. Since Lq is a block of the group T > A, it suffices to verify that given 
7 G A we have 

K(Xy* = X(X 7 ) (39) 

for all X G GjU\. To do this suppose first that X </LU\. Then since X and 
Ui are blocks of T, and the number \X\ is prime, we see that \X Pi Ui\ < 1. 
However, the group A = Gwr^C) acts trivially outside U\. Therefore 7 
fixes at least one, and hence all points of X. Thus in this case equality (13TJ1) 
is obvious. 

Let X C U\. Then obviously U\ C U\. First, suppose that U\ C U . 
Then X is contained in some set X G U\/Uq. By the definition of Gwr_4(C) 
(see fl2SJ0 this implies that 7^ G ((C/i)^^)^' where X' = X 7 . This implies 
that 7^ G (Gright)*'*' where X' = X 7 , whence ([39D follows. Finally, let 
Ui (jL Uq. Since the index of U in Ui is prime, this implies that U\Uo = U%. 
On the other hand, since \Ui\ is prime, we have U\ D C/o — {!}■ Thus 
5 = Ui/Uq is a multiple of C/i/1 = S 1 , and hence (7 = C. This implies that 
Uq = Lq = 1, and hence X = Z7i = L±. Thus 

X(X) = Hol(fA) = Hol(Li) = Gm A {C) Ul = A Ul 

and equality (!39j) holds because obviously (A^ 1 ) 7 ^ = A^ 1 .* 

To complete the proof we observe that the Lq-cosets form an imprimitivity 
system for the group V > G r i g ht- From (1381) it follows that T' normalizes K. 
By Lemma 18.21 and (13 7p this implies that the group T, and hence the group 
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normalizes K. It follows that V s normalizes K s in Sym(S'). Therefore 
taking into account ( l38p and the fact that A s = Hol(S) for C = C, we have 

Hol(S) <T § < N(K § ) = JV(Hol(5)) (40) 

where N(-) denotes the normalizer in Sym(S'). However, S being a cyclic 
group of prime order is a characteristic subgroup of its holomorph. It follows 
that the group in the right-hand side of (j4"0l) coincides with N(S r i g ht) = 
Hol(S'). Thus V s = Hol(S') and we are done.a 



9 Proof of Theorem 11.5 

Below under a section of a transitive group 

T < Sym(V) 

we mean a permutation group T X ^ E where X is a block of T and E is a T- 
invariant equivalence relation. It is easily seen that this section is transitive; 
it is primitive whenever each block of V properly contained in X is contained 
in a class of E. 

Let now V be as in Theorem 11.51 Then any section of V is permutation- 
ally isomorphic to a section V s where S G J-(G). Therefore statement (1) 
immediately follows from Theorem 14.61 and the following lemma. 

Lemma 9.1 Any composition factor of a transitive group is isomorphic to 
a composition factor of some of its primitive sections. 

Proof. Let T < Sym(V^) be a transitive group. Take a minimal T-invariant 
equivalence relation E. Then by the Jordan-Holder theorem any composition 
factor of T is isomorphic to either a composition factor of the transitive group 
r v ' E 7 or a composition factor of the kernel of the epimorphism from T 
onto r v ' E . Since obviously any primitive section of Y y l E is permutationally 
isomorphic to a primitive section of T, by induction it suffices to verify that 
any composition factor of Te is isomorphic to a composition factor of the 
group where X G V/ E. However, r# is a subdirect product of the groups 
(r^)^ , X G V/E. Therefore any composition factor of Te is isomorphic to 
a composition factor of a any of the groups (T E ) X ■ Since the latter group is 
normal in T x , we are done.a 
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To prove the sufficiency in statement (2) suppose that every alternating 
composition factor of the group T is of prime degree. Denote by A the S-ring 
over the group G associated with T. Then T = Aut(„4). We claim that a 
class C G V S gi(A) of composite degree is in fact of degree 4. To prove this 
claim let S G C. Then by Theorem 14.61 we have V s = Sym(S). Besides, 
if S = U/L, then the group Te where E = Ejj, is obviously normal in T. 
Therefore 

Sright < (T E ) S < T S = Sjm(S). 

This implies that either \S\ = 4 or (T E ) S G {Alt(S), Sym(S)}. By the 
Jordan-Holder theorem any composition factor of (T^) 5 is isomorphic to 
a composition factor of T. Thus due to the supposition we conclude that 
\S\ =4, and the claim is proved. 

By the claim and Theorem 18.11 one can find a 2-equivalent to T group 
T' such that G rig ht < T' < Sym(G) and (r') s = Hol(S') for any section S 
belonging to a singular class C G V sg i(A) of degree other than 4. Since the 
group Sym(4) is solvable, we conclude from Theorem 14.61 that any primitive 
section of the group T' is solvable. By Lemma [9TT1 this implies that the latter 
group is solvable. The sufficiency in statement (2) is proved. 

To prove the necessity suppose that the group T is 2-equivalent to a 
solvable group V containing G r i g ht- Let Y have a composition factor isomor- 
phic to the group Alt(m) where m is a composite number. Then obviously 
m > 4. By Lemma [9.11 there exists a primitive section S G J 7 {A) such that 
the group V s has a composition factor isomorphic to Alt(m). Since m > 4, 
the latter group is not solvable. Therefore by Theorem 14.61 we have 

T 5 = Sym(S') and m = \S\. 

On the other hand, the groups V s and (T') s are 2-equivalent. So the latter 
one is primitive. Since it is also solvable, its degree is a prime power [TT| 
Theorem 11.5]. Taking into account that this group contains the regular 
cyclic subgroup S rig ht, we conclude by (TTj Theorem 27.3] that either |5"| is 
prime, or IS*! =4. However, m — \S\ is a composite number greater than 4. 
Contradictions 



10 Proof of Theorem 11.3 

We deduce Theorem 11.31 from Theorem 110.21 below the proof of which uses 
the following auxiliary lemma. 
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Lemma 10.1 Let G = Yl ieI Gi and A = Yl ieI Aj where Gi is a cyclic group 
and (Gi) right < Aj < Hol(Gj), i G I. Then A' = A /or any subgroup A' of 
the group A that is 2-equivalent to the latter. 

Proof. By the lemma hypothesis the 2-orbits of A and A' are the same. On 
the other hand, denote by Xj the 2-orbit of Aj containing the pair (lQ i ,g i ) 
where Oj is a generator of the group Gj. Then Aj acts regularly on Xj because 
Aj < Hol(Gj). Therefore the set X = j^Xj is a 2-orbit of A on which this 
group acts regularly. Thus 

|A| = |X| < |A'|. 

Since A' < A, this implies that A' = A and we are done.a 

Turning to the proof of Theorem 11.31 set S = U/L. Then by the theorem 
hypothesis there exists an integer k > such that 

k 

As = <g)A Sl (41) 

i=0 

where Sj is an ^-subgroup, S = Yii=o ^i, the S-ring is normal for i — 0, 
and is primitive of rank 2 and of degree at least 3 for % > 1. Denote by / 
(resp. by J) the set of all % G {1, . . . , k} for which the number |Sj| is prime 
(resp. composite). 

Theorem 10.2 In the above notations suppose that the S-ring A is schurian 
and T < Sym(G) is the group the existence of which was stated in Theo- 
rem \8.1\ Then 

t s = kut(A So ) x n H °K^) x n s y m (^)- ( 42 ) 

iei ieJ 

Proof. Let j G J. Then by Theorem 14.61 the class Cj of projectively equiva- 
lent sections that contains Sj is singular. Set Aj = Gwr^(Cj). Then Aj < T 
by the choice of T (see statement (1) of Theorem 18. ip . Moreover, 

(A,)^ = Sym(^) and (A,) 5 ' < (Si) right , % ± j 

(the equality follows from the definition of the group Gwr^Cj) and state- 
ment (2) of Theorem 16.81 whereas the inclusion is the consequence of state- 
ment (3) of the same theorem). Since obviously V s > (Aj, S T i g ht) and S r i g ht 
is the direct product of the groups (Si) r i g ht over all i, it follows that 

r 5 >Sym(^)x{id 5j/ }. 
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where Sf is the direct product of the groups Si, i ^ j. Thus 

T 5 = r 5 '* x Y[ Sym(Sj) (43) 
jeJ 

where I* = I U {0} and Sj* is the product of all Si with i G /*. 

By the theorem hypothesis the groups V and Aut(*4) are 2-equivalent. 
Therefore so are the groups V s and Aut(^4) 5 for any section S' G J 7 (A). 
Due to (I4ip and the schurity of A this implies that 

r 5 - » Aut(^) 5 - « Aut^j = n Aut (^^) 7 n Aut (^) 5i t n r51 - 



2 

16/* ie/* i€/* 



Thus by ( 143)) and Lemma riO.ll to complete the proof of the theorem it suffices 
to verify that given i G /* we have 

p5i fHohm ifz^O, 
[Aut(As ), if i = 0. 

To do this let iGl*. First suppose that i = 0. Then the normality of the 
S-ring As implies that 

T So < Aut(^) So < Aut(^ 5o ) < Hol(So). 

On the other hand, we have 

r 5 ° « Aut(„4) 5 ° « Aut(^so)- 

Thus T 5 ° = Aut(A%) by Lemma Q3HT] for I = {0} and A = Aut(As )- 

Suppose that i > 0. Then z G / and the number j^l is prime. Therefore 
without loss of generality we can assume that the section Si is not singular 
(see statement (2) of Theorem 18. ip . Then by Theorem 14.61 we have 

T s > < Aut(„4) 5 * < Hol(Si). 

On the other hand, since A is schurian and rk(Asi) = 2, we obtain that 

T s * » Aut(A) s * « Aut(^) « Hol(^). 
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Thus T 5 * = Hol(Si) by Lemma HDH for / = {i} and A = Hol(^).- 



Let us turn to the proof of Theorem 11.31 Since the schurity is preserved 
under taking restrictions and factors, the necessity is obvious. To prove the 
sufficiency suppose that the S-rings Au and Ag/l are schurian. Denote by T 
and Yu the groups the existence of which is provided by Theorem 18.11 applied 
to the S-rings Ag/l and Au respectively. Then for the groups A = r and 
Ajj = Yu the first two inclusions in ( ITT]) and condition (Tl4|) are satisfied. By 
Corollary 15. 71 to complete the proof it suffices to verify that the third equality 
in (II ip also holds for them. However, this is true due to Theorem 110. 2l applied 
both to the S-ring Ag/l with Y = A , S = U/L, and to the S-ring Au with 
r = Au, S = U/L.u 

11 Circulant S-rings with Q(n) < 4 

The main goal of the section is to study non-schurian S-rings over a cyclic 
group of order n with Q(n) < 4. 

Theorem 11.1 Any S-ring over a cyclic group of order n with Q(n) < 3 is 
schurian. 

Proof. The required statement is trivial for n — 1. Let Q(n) > and A an 
S-ring over a cyclic group G of order n. If the radical of A is trivial, then 
we are done by Corollary 14.31 Let now the radical of A is not trivial. Then 
by statement (1) of Theorem 14.11 there exists an ,4-section S = U/L of the 
group G such that the S-ring A satisfies the ^-condition nontrivially. By the 
induction hypothesis the S-rings Au and Ag/l are schurian. Moreover, since 
Q(n) < 3, we have — 1- Therefore ia.d(As) = 1- Thus A is schurian 

by Theorem 11.31 b 

The following auxiliary lemma will be used in the analysis of the four 
primes case. We fix a cyclic group G of order pqr where p, q and r are 
primes. The subgroups of G of orders pq and r are denoted by M and iV 
respectively. We also fix a section S of G of order pq; obviously, 5* = M/l or 
S = G/N. 

Lemma 11.2 Let A be an S-ring over the group G that is not a proper wreath 
product. Suppose that S G F(A), \S\ =fi 4 and As is the wreath product of 
the S-ring over the group of order p by the S-ring over the group of order q. 
Then the set of orders of proper A- subgroups equals {p,r,pq,pr} and 
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(1) ifS = M/l, then q^r, 

(2) ifS = G/N, thenp^r. 

Moreover, either A is normal and then p = q, or A satisfies the M'/N'- 
condition where M' and N' are the subgroups of G of orders pr and p respec- 
tively. 

Proof. First, we find the set Q(A) and prove that statements (1) and (2) 
hold assuming G = M x N with M, N G Q(A). Indeed, in this case obviously 
r G' {p, q) and the section S is projectively equivalent to both M/l and G/N. 
Therefore both statements (1) and (2) hold. Next, since by Theorem 13.21 the 
S-ring Am is Cayley isomorphic to As, the hypothesis of the lemma on the 
latter implies that Q{A M ) = {1,N',M}. Besides, Q{A) = Q{A M )Q{A N ) by 
Lemma O Thus Q(A) = {1, N, N', M', M, G} and we are done. 

Suppose that the S-ring A is normal. Then it is dense by statement (1) 
of Theorem 14.21 This implies that p = q because otherwise |{?(AsOI = 3 
which contradicts the lemma hypothesis. Thus if G is not a p-group, then 
G = M x N with M, N G Q{A), and we are done by the previous paragraph. 
However, if G is a p-group, then p ^ 2 because by the hypothesis \S\ ^ 4. 
Then by Corollary 14.41 this implies that the S-ring As is normal, which is 
impossible due to statement (3) of Theorem 14.21 

Finally, suppose that the S-ring A is not normal. If rad(^4) = 1, then by 
statement (2) of Theorem 14.11 this implies that 

A = Aft® A„ (45) 

for some ^4-groups M and iV with f2(|M|) = 2 and f2(|iV|) = 1 (here we 
use the fact that rk(^4.) > 3 by the lemma hypothesis). However, if \N\ G 
{p, q}, then it is easily seen that As is a nontrivial tensor product which 
is impossible. Thus M = M and N = N. Therefore the section M/l is 
projectively equivalent to S, and so N' G G(A) and Am = An'IAm/n' ■ Thus 
due to (|4"51) the S-ring A satisfies the M'/iV'-condition which contradicts the 
assumption rad(^4) = 1 by statement (1) of Theorem 14.11 

Let rad(^l) ^ 1. Then by statement (1) of Theorem 14.11 there exist 
-4-groups M and N such that 1 < N < M < G and A satisfies the M/N- 
condition. Since A is not a proper wreath product, we also have M ^ N. 
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By the same reason both A-^ and A G ^ are not proper wreath products 
(because otherwise A = A^l A G ^ in the former case, and A = A M I A G ^ 
in the latter case). 

Let us assume that S = M/l (the case S = G/N can be treated in a 
similar way). Then obviously M is an .4-group. Moreover, 

N c M. (46) 

Indeed, otherwise NnM — 1, and hence G = M x N . But then A G ^ being 
a Cayley isomorphic to Am, is a proper wreath product, which is impossible 
by above. Next, since A^ is also not a proper wreath product, we have 

M / M. (47) 

Now, taking into account that Q(Am) = {1> N' , M}, we deduce from fj46l) 
that N = N'. Therefore M G {M, M'} and due to (jUD we have M = M', 
and hence M' ^ M. The latter implies that q ^ r. Finally, to find the 
set G{A) we observe that since the S-ring Aw = A M is of rank at least 3 
and not a proper wreath product, Theorem 14.11 implies that Am' is either 
normal or a nontrivial tensor product. So it is dense (in the former case this 
follows from statement (1) of Theorem 14.21) . and hence Q(Am') D {^'j^}- 
Therefore Q(A) is as required: if iV = N', then this is obvious, whereas if 
N ytz N', then G = M x N and this is true by the statement in the first 
paragraph.* 

Theorem 11.3 Let A be a non-schurian S-ring over a cyclic group G of 
order n with Q(n) = 4. Then A satisfies nontrivially some S-condition. 
Moreover, for any such A-section S = U/L we have 

(1) \L\ and \G/U\ are primes, and \S\ ^ A, 

(2) As is a proper wreath product, 

(3) Au and Ag/l are n °t proper wreath products and cannot be normal 
simultaneously. 

Proof. By Lemma 14.31 the radical of the S-ring A is not trivial. Then by 
statement (1) of Theorem 14.11 there exists an ^4-section S = U/L of the 
group G such that the S-ring A satisfies the S-condition nontrivially. It 



39 



follows that \L\ and \G/U\ are primes. Therefore by Theorem 111.11 the S- 
rings A\j and Ag/l are schurian. By Theorem 11.31 this implies that the S-ring 
As can be neither normal nor of rank 2. Since any S-ring over a cyclic group 
of order 4 is obviously of rank 2 or normal, statement (1) follows. Moreover, 
by Theorem 14.11 the S-ring As is a proper generalized wreath product, and 
hence a proper wreath product. Statement (2) is proved. 

Next, the schurity of the S-rings Ajj and Ag/l imply that the groups 
Aut(Au) s and Aut (Ag/l) s are 2-equivalent. If in addition both of these 
S-rings are normal, then the above groups are between S r i g ht and Hol(S'). 
Thus they are equal. By Corollary 15.71 this implies that A is schurian. Con- 
tradiction. This proves the second part of statement (3). To prove the first 
one suppose that 

Au = Ah I Au/h 

for some proper ^4-subgroup H of U (the case when Ag/l is a proper wreath 
product can be treated in a similar way). Then any ^4-subgroup of U either 
contains H or is a subgroup of H. Since \L\ is prime, this implies that 
L < H . However, then A satisfies the H/L- condition which is impossible by 
statement (1) of this theorem.* 

Let us fix a cyclic group G of order n = P\p 2 p 3 pA with p f 's being primes. 
Then for any divisor m of n there is a unique subgroup of G of order m. 
Denote by U, V, G\, H, G 2 , K, L subgroups of G such that 

\U\=P!P 2 P3, \V\=p 1 p 3 p 4 , 

\Gi\=p 1 p 2 , \H\=p 1 p 3 , |G 2 |=P3P4, 

I if I = pi, \L\ = p 3 - 

It is easily seen that if p\ ^ p 3 and p 2 7^ P4, then K 7^ L, U 7^ V and these 
subgroups form a sublattice of the lattice of all subgroups of G, as in Fig.l 
below (if p 2 = p 3 , then G\ = H, whereas if p\ = p 4 , then G 2 = H): 

Theorem 11.4 Let A be a non-schurian S-ring over the group G as above. 
Suppose that A satisfies the U / L- condition. Then \U/L\ 7^ 4 and 

(1) pi 7^ p 3 and p 2 7^ P4 and the lattice of A- subgroups of G is as in Fig.l, 

(2) Ajj/l = Ah/l I Au/h, 
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Figure 1: 

(3) the S-rings Au and Ag/l cannot be normal simultaneously; moreover, 
if one of them is normal, then p\ = p 2 , 

(4) if Au is not normal, then Au = AhIh/k Au/k, whereas if Ag/l is not 
normal, then A g /l = A v /l Iv/h A g /h, 

(5) if both Au and Ag/l are n °t normal, then both Ay and Ag/k are n °t 
normal and A = Ay \y/K Ag/k, 

Proof. Let S = U/L. Then the inequality \S\ ^ 4, statement (2) and the first 
part of statement (3) hold by Theorem 111.31 Besides, by the same theorem 
the hypothesis of Lemma [11.2l is satisfied for the section S and both the S-ring 
Au and (p, q,r) = (pi,p 2 ,P3), and the S-ring Ag/l and (p, q,r) = (pi,p 2 ,P4)- 
Thus by this lemma all the rest except for statement (5) follow. To prove 
the latter suppose that the S-rings Au and Ag/l are not normal. Then by 
statement (4) we have 

Au = A H Ih/k Au/k and Ag/l = M/l Iv/h Ag/h- (48) 

Take X G S(A) G \v- If X C U\V, then obviously X C U \ H. By 
the left-hand side equality in (|4"8"|) this implies that K < rad(X). Let now 
X C G \ U . Then L < rad(X) because A satisfies the [7/L-condition by 
the theorem hypothesis. However, ttl(X) C itl(G) \ n L (y). By the right- 
hand side equality in (j4"8l) this implies that nu{H) < rad(7r^(X)). Therefore 
K <H < rad(X). Thus 

A = Ay ly/K Ag/K- 
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Next, by statement (1) of Theorem 111.31 we have \V/K\ ^ 4. Besides, the 
S-ring Ay satisfies the H/ L-condition because A satisfies the U / L-condition, 
and U fl V — H due to the inequality p 2 ^ Pi proved above. Therefore by 
statement (3) of Theorem 14.21 the S-ring Ay can be normal only if \V/H\ = 
\L\ =2. But this is not the case because 

A^\V/K\= Pm = \L\\V/H\. 

Thus the S-ring Ay is not normal. The fact that the S-ring Ag/k is not 
normal is proved in a similar ways 

12 Example 

Throughout this section Z n is the additive group of integers modulo a positive 
integer n. 

For any divisor m of n denote by i m , n : Z m — > Z n and n n ,m '■ Z n — > 
the group homomorphisms taking 1 to n/m and to 1 respectively. Using 
them we identify with Z m both the subgroup 2 m , n (Z m ) and the factorgroup 
Z n / ker(7r njm ) of Z n . Thus every section of Z n of order m is identified with 
the group Z m . Moreover, the automorphism of Z n afforded by multiplication 
by d induces the automorphism of that section afforded by multiplication by 
the same number d. 

If A is an S-ring over Z n and Z m belongs to S*(A), then A% m will be 
denoted by A m and Az n /z m by A n l m . Let finally A\ be an S-ring over Z n; 
(/ = 1,2) and {A\) m = (A2) m for some m dividing both ri\ and n 2 . Then 
the unique S-ring A over Z nin2 / m from Theorem 13.41 is denoted by Ai l m A 2 - 
We omit m if m — 1. Given a group K < Aut(Z n ) and a prime p dividing n 
we write K p for the p-projection of K in the sense of decomposition ()5]), and 
Cyc(K,n) instead of Cyc(K, Z n ). 

In what follows we will construct a family of non-schurian S-rings over a 
cyclic group of order n = P1P2P3P4, where pi is a prime and 

Pi = T>2 = P 7^ Pa, and p divides p 3 — 1 . 

Let us fix a positive integer d. Suppose that d | p — 1 and M < Aut(Z p 2 P3 ) a 
cyclic group of order pd such that | M p \ = pd and | M P3 \ = p. Set 

A 1 = Cjc(M,p 2 p 3 ). 
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We claim that 

(Aif = Gyc(d,p)lGyc(d,p) (49) 

where Cyc(d,p) = Cjc(K,p) with K being the subgroup of Aut(Z p ) of or- 
der d. Indeed, it is easily seen that (Ai) p = Cyc(M„,p 2 ). On the other hand, 
since p divides \M P \, the group rad((^4i) p ) is nontrivial. By statement (1) of 
Theorem 14. II this implies that (*4i) p is a nontrivial generalized wreath prod- 
uct. So this S-ring is the wreath product of (Ai) p by (Ai) p . Since obviously 
(Ai) p = (Ai)p = Cyc(d,p), the claim is proved. 

Next, suppose that d |p 4 — 1. Given two cyclic groups Mi, M 2 < Aut(Z pp4 ) 
of order d such that |(Mj) p | = |(Mj) P4 | = d, i — 1, 2, set 

A 2 = Cyc(M 1 ,pp 4 ) ? P4 Cyc(M 2 ,pp 4 ). 

Then rad(^4 2 ) contains the subgroup of order p. Besides, since p ^ p 4 , 
Lemma I2TTJ implies that A 2 > (A 2 ) p 2 ® (^)p4- Thus the group rad((^4 2 ) P 2 ) 
is nontrivial. By statement (1) of Theorem 14.11 this implies that (*4. 2 ) p 2 is a 
nontrivial generalized wreath product. So this S-ring is the wreath product 
of (A 2 ) p by (A 2 ) p . Since (A 2 ) p = (A 2 ) p = Cyc(d,p), we conclude that 

(A 2 ) P 2 = Cyc(d,p) l Cyc(d,p). (50) 

From (SS} and (J5U]) it follows that (-4i) p2 = (A 2 ) p 2 and we set 

„4 = Ai l p 2 A 2 . (51) 

We observe that the S-rings Ai, Cyc(Mi, pp 4 ) and Cyc(M 2 ,pp 4 ) are cyclo- 
tomic, and hence dense. The density of the two latter S-rings implies that 
the S-ring A 2 is also dense. Thus the set Q{A) contains the subgroups K, L, 
Gi, H, G 2 , U and V, of the group G = 7L n of orders p, p 3 , p 2 , pp 3 , p 3 p^ p 2 p 3 
and PP3P4 (see Fig. [TJ. 

Theorem 12.1 The S-ring A is non-schurian whenever Mi ^ M 2 . 

Proof. Suppose that Mi ^ M 2 . It is easily seen that each of the S-rings Ai, 
Cyc(Mi,pp 4 ) and Cyc(M 2 ,pp 4 ) has trivial radical, and is not a proper tensor 
product (the latter is true because otherwise d = 1 and hence Mi = M 2 ). 
By Theorem 14. II this implies that all these S-rings are normal. To prove that 
the S-ring A is not schurian it suffices to find an element 

7 G {V U ' L ) U \ (A u/L ) u (52) 
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where T = Aut(Ai), A = Aut(*4 2 ) an d u — (in the group U/L). Indeed, in 
this case the group V = Y u / L fl A U ^ L is a proper subgroup of T U I L . Besides 
by the normality of the S-ring A\ we have 

T u/L < Ro\(U/L). (53) 

Thus the groups V and T U ^ L are not 2-equivalent by Lemma HU.li Since 
obviously Y U ' L is 2-equivalent to Aut(Au/L), the S-ring A is not schurian by 
Corollary 15.81 

To find 7 as in (152]) we note that from the definition it follows that M\ is 
a subgroup of the group 

Aut(V/L) = Aut(F/L) x Aut(G 2 /L) = Aut(Z p ) x Aut(Z w ). 

Moreover, if Q < Aut(Z p ) and R < Aut(Z P4 ) are the groups of order d, then 

Mi = {(x, y)eQxR: Vl (x) = y} (54) 

where (pi is an isomorphism from Q to R. Similarly, M 2 is a subgroup of the 
group 

Aut(G/H) = Aut(U/H) x Aut(V/H) = Aut(Z p ) x Aut(Z P4 ), 

and 

M 2 = {(x, y) E Q x R : ip 2 (x) = y} (55) 

where <£> 2 is an isomorphism from Q to R. Let now 5 G A u . Then taking into 
account that the S-rings (-4 2 )t/ = Cyc(Mi,pp 4 ) and (*A 2 )g/h = Cyc(M 2 ,pp 4 ) 
are normal (see above), we conclude that (S) V ^ L G Mi and (S) G ^ H G M 2 . 
Due to (|54|) and (|55|) this implies that 

ipx {S H l L ) = 8 v l H and ip 2 (8 u l H ) = 5 y l H . (56) 

Next, since Mx 7^ M 2 , from (154]) and (I55p it follows that there exist distinct 
elements Xi,x 2 G Q such that 

V?i(xi) = (p 2 (x 2 ). (57) 

On the other hand, due to inclusion (|53"1) one can find an element 7 in the 
group T u = M for which j H / L = j u / H = x\. To complete the proof of the 
theorem let us check that 7 satisfies (152"]) . Suppose on the contrary that 
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ryU/L E (A u ) u / L . Then there exists 5 E A u such that S u/L = j u/L . So 
from ( 156]) . fl57|) and the definition of 7 it follows that 

<Pi(f /B ) = ^ H/L ) = Vi{l H/L ) = (Pi{xi) = <pi(x a ). 

This implies that x 2 = S U ' H = ^ U I H = xi, which is impossible because 
Xi ^ x 2 .m 

Theorem 12.2 Let n = p\p 2 p 3 pi where pi is an odd prime. Suppose that 
{Pi)P2} H {^3,^4} = and that p\ — 1 and p 4 — 1 have a common divisor 
d > 3. Then a cyclic group of order n is non-schurian whenever either d 
divides both p 2 — 1 and p% — 1, or pi = p 2 and p\ divides p 3 — 1. 

Proof. If the number d divides both p 2 — 1 and p 3 — 1, then d divides p% — \ 
for i = 1,2,3,4. Due to [2] this implies that there is a non-schurian S-ring 
over the group Z n . Thus this group is non-schurian. To complete the proof 
suppose that p\ = p 2 = p and p divides p% — 1. Using ([5]) set 

M = {(x,y) G Aut(Z p2p3 ) : <p(x) = y} 

and for i — 1, 2 

Mi = {(x,y) E Aut(Z pP4 ) : ip { (x) = y} 

where p is an epimorphism from the subgroup of Aut(Z P3 ) of order pd to the 
subgroup of Aut(Z p 2) of order p, and (pi is an isomorphism from the subgroup 
of Aut(Zp) of order d to the subgroup of Aut(Z p4 ) of order d. Then obviously 
M is a cyclic group of order pd such that \M P \ = pd and |M P3 | = p, and Mj is 
a cyclic group of order d such that |(Mj) p | = |(Mj) P4 | = d. Since d > 3, the 
isomorphisms tp\ and tp 2 , arid hence the groups Mi and M 2 , can be chosen 
to be distinct. Thus by Theorem 112.11 the S-ring A is non-schurian and we 
are done.a 

The minimal example is n = 5 • 5 • 11 • 13. 
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